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ABSTRACT 

We construct the general form of an F-theory compactification with two U(l) factors 
based on a general elliptically fibered Calabi-Yau manifold with Mordell-Wcil group of 
rank two. This construction produces broad classes of models with diverse matter spectra, 
including many that are not realized in earlier F-theory constructions with U(l)xU(l) 
gauge symmetry. Generic U(l)xU(l) models can be related to a Higgsed non-Abelian 
model with gauge group SU(2) xSU(2) xSU(3), SU(2) 3 xSU(3), or a subgroup thereof. 
The nonlocal horizontal divisors of the Mordell-Wcil group are replaced with local ver¬ 
tical divisors associated with the Cartan generators of non-Abelian gauge groups from 
Kodaira singularities. We give a global resolution of codimension two singularities of 
the Abelian model; we identify the full anomaly free matter content, and match it to 
the unHiggsed non-Abelian model. The non-Abelian Weierstrass model exhibits a new 
algebraic description of the singularities in the fibration that results in the first explicit 
construction of matter in the symmetric representation of SU(3). This matter is realized 
on double point singularities of the discriminant locus. The construction suggests a gen¬ 
eralization to U(l) fc factors with k > 2, which can be studied by Higgsing theories with 
larger non-Abelian gauge groups. 
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1 Introduction 


F-theory pea ei provides a powerful nonperturbative approach to understanding large 
classes of string vacua in four and six space-time dimensions. While non-Abelian gauge 
factors in F-theory models are classified by the local Kodaira-Tate classification of singu¬ 
lar fibers in elliptic hbrations, Abelian factors are represented by elements of the Mordell- 
Weil group, which are intrinsically global and more difficult to describe analytically. In 
recent years, progress has been made on constructing general classes of Weierstrass mod¬ 
els that describe F-theory compactihcations with one or more Abelian U(l) factors. The 
general form of an F-theory Weierstrass model with a single U(l) factor was described 
by Morrison and Park in afl A general class of models with two U(l) factors was 
constructed in [HE, TOl HT1 12] , and models with three U(l) factors were studied in [T3| . 

Explicit constructions of general F-theory models with multiple U(l) factors are al¬ 
gebraically quite complex. A great deal of physical insight can be gained into systems 
with Abelian factors by considering how the Abelian factors can arise from Higgsing of 
non-Abelian gauge factors. For example, a model with a single U(l) can be constructed 
by starting with an SU(2) non-Abelian factor tuned on a divisor that supports an adjoint 
representation, and then Higgsing the SU(2) by giving a vacuum expectation value to 
the adjoint matter, giving a breaking SU(2) —y U(l). A similar consideration allows us to 
construct a fairly broad class of models with gauge group U(l)xU(l) by Higgsing a rank 
two gauge group, such as SU(2)xSU(2) or SU(3). Consideration of the resulting spectra, 
however, shows that the U(l)xU(l) models constructed in this way cannot in general 
be described through the construction of p3j [9j H3J HU 12] jf] This observation motivates 
us to fold a more general approach to constructing the F-theory models with two U(l) 
factors. 

The main result of this paper is the construction of a very general Weierstrass form for 
F-theory models with U(l)xU(l) gauge factors. This class of models includes all those 
that can be realized by Higgsing the rank two groups SU(2)xSU(2) and SU(3) on adjoint 
matter. The most general model also contains more complex spectra, which can arise from 
Higgsing more complicated non-Abelian structures. In fact, one of the principal results of 
this paper is that a large class of generic models with two U(l) factors can be “unHiggsed” 
to models with the non-Abelian gauge group G gen erai =SU(2)x SU(2)xSU(3). In various 
special cases, the model is unHiggsed to a subgroup of this group, G C G genera i. In this 
unHiggsing process, the “horizontal” divisors associated with sections in the Mordcll-Weil 
group become vertical divisors associated with Kodaira singularity types in the elliptic 
hbration over the base. This generalizes the result found in [U 2] that a single U(l) 
factor can generally be unHiggsed to an SU(2) non-Abelian factor (or an increase in 
rank on an existing non-Abelian factor), though in some cases the resulting non-Abelian 

2 Certain F-theory compactihcations with U(l) factors have appeared earlier in [5j [6] in the context 
of heterotic/F-theory duality, see also IT]. 

3 On P 2 3 , for example, only an SU(3) model with one adjoint and 54 fundamentals Higgses to such a 
U(l)xU(l) model. 
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model may have certain types of singularities. The form of the non-Abelian group G genera i 
can be understood geometrically by identifying the general form of the vertical divisors 
associated with unHiggsing the two U(l) factors to be AC,BC : where C is a common 
factor. The unHiggsing process leads to SU(2) factors on A and H, while on C the two 
elements of the Cartan generators combine in a nontrivial way to produce the group 
SU(3). In some cases the divisors A, B and C can or must be reducible, thus leading 
to larger non-Abelian groups such as SU(2) 3 xSU(3). This general algebraic framework 
suggests an approach to describing Weierstrass models with more Abelian factors in terms 
of analogous, but more complicated, algebraic structures. 

A systematic understanding and classification of F-theory models with multiple Abel¬ 
ian factors is an important challenge for F-theory, both for theoretical and phenomeno¬ 
logical reasons. Much recent work has focused on various aspects of this problem, largely 
motivated by efforts to construct models with Abelian factors related to F-theory GUT 
phenomenology (for a representative list of works, see [15, |16j, [T2J HEi EH ED] [21], 22] 
1231 1241 [251 [261 1271 [281 ITUl HE [291 [30] ) as well as other particle physics models with 
Abelian gauge symmetry [3TJ 132] S3]- On the more theoretical side, a major challenge 
in constructing a completely general F-theory model with Abelian factors is the wide 
range of possible spectra that may arise in such a theory. While for 6D models anomaly 
constraints in the low-energy supergravity theory provide some limits on the set of pos¬ 
sibilities [3H [35], 36] [37], as one considers matter with increasingly large charges under 
the U(l) gauge factors, the complexity of the corresponding F-theory models grows ac¬ 
cordingly. Through the unHiggsing process, these matter fields with higher charges are 
related to matter fields with increasingly complicated transformation properties under 
the corresponding non-Abelian gauge factors. 

One of the important new results of this paper that signifies the complexity of the rep¬ 
resentations with multiple U(l) factors is a construction of a generic class of U(l)xU(l) 
models in which the resolution of the Abelian theory gives matter fields with specific 
higher charges that are related to matter transforming under the symmetric represen¬ 
tation of SU(3) in the associated unHiggsed theory. As a by-product this is the first 
explicit realization of the the symmetric matter representation of the non-Abelian gauge 
symmetry in F-theory. The associated Weierstrass models have an intricate and nontriv¬ 
ial algebraic structure that realizes the non-Abelian gauge theory in a novel way that 
cannot be understood directly from the Tate description. 

While our construction and the geometric results are applicable for Calabi-Yau n- 
folds, in this paper we primarily focus on Calabi-Yau threefolds relevant for 6D F-theory. 
However, most of the geometric analyses are also relevant to 4D F-theory. 

The outline of this paper is as follows: In Section [2j we discuss the ways in which 
models with one or two U(l) factors can be realized by Higgsing non-Abelian gauge 
groups with a variety of structures. This field-theoretic analysis and discussion provides 
a framework for interpreting the rather complicated algebraic structures that arise in the 
following sections. In Section [3j we construct the most general elliptic hbration with three 
independent sections, corresponding to a Weierstrass model with Mordell-Weil group of 
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rank two, and an F-theory model having two Abelian gauge factors U(l) x U(l) in the 
corresponding low-energy supergravity theory. In Section |4j we give a global resolution of 
the singularities in the general U(l) x U(l) Weierstrass model, and analyze the resulting 
matter spectrum. In Section [5j we describe in general terms the unHiggsing of the two 
U(l) model to a non-Abelian theory with vanishing rank of Mordell-Wcil group. Concrete 
examples of the unHiggsing process and the detailed form of the Weierstrass model in 
different cases are explored in Section [6] In Section [7], we discuss a natural generalization 
of our work to more than two U(l) factors and the construction of F-theory models with 
exotic matter representations as well as the problem of proving the global equivalence of 
the space of consistent 6D supergravity theories and the set of F-theory compactihcations. 
We summarize key results of the paper in our conclusions in Section [8j 

Note added: Our general U(l) xU(l) F-theory construction, presented in this paper, 
is already employed in the simultaneous work [33] for the study of flavor textures in SU(5) 
GUT’s with two U(l)’s. 


2 U(l)’s and unHiggsing 

In this section we describe various ways that two U(l)’s can arise from the Higgsing of a 
non-Abelian theory. This provides a held theory framework for understanding the wide 
range of models that can be produced using the general U(l)xU(l) Weierstrass model 
constructed in the following section. We begin with a review of the story for a single 
U(l), and then consider unHiggsing of two U(l) factors. 

The general classes of models considered in this section can be constructed in the 
context of F-theory in six or four space-time dimensions. For specific examples, we focus 
here on 6D constructions, since anomaly cancellation conditions for 6D supergravity 
theories provide strong constraints on the allowed spectra of the low-energy theories 
|3911351 HO] . providing in many cases a simple check on the consistency of the constructions 
we describe here. The same classes of theories can also be realized in 4D F-theory 
constructions, however, with a richer range of specific models and applications. 

2.1 Higgsing and a single U(l) 

2.1.1 Higgsing an SU(2) 

In general, an SU(2) gauge factor with matter in the adjoint representation can be con¬ 
structed in F-theory by tuning a Kodaira type J 2 singularity on a divisor D of the form 
—Kb + A", where Kb is the canonical class of the F-theory base manifold B n , and X 
is effective; for such D , we write D > —Kb- For a smooth divisor D , this condition is 
necessary and sufficient for the existence of an adjoint matter representation at the level 
of geometry. For 6D theories, this can be seen directly from the fact that the genus g of 
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the divisor D is in general given by 


9 = 1 + \d ■ (D + K b ) , 


( 2 . 1 ) 


which is positive precisely for D > —Kb- As a simple example, if the base is B 2 = P 2 , 
then —Kb = 3Hb where Hb is the hyperplane class in P 2 . If we tune an SU(2) over a 
smooth curve of degree d and genus g = (d— l)(d—2)/2, in the resulting low-energy theory 
there are g matter fields that transform in the adjoint of SU(2). For example, a cubic 
curve C has genus 1, a quartic has genus 3, etc. . From anomaly cancellation or inspection 
of the explicit Weierstrass model, cf. Appendix B.l the number of fundamental matter 
fields is x 2 = 6 d 2 + 16(1 — g). For the cubic curve C, this gives x 2 = 54. 


An SU(2) with adjoint matter can be Higgsed by giving a VEV to an adjoint matter 
field proportional to the Cartan generator a 3 , the third Pauli matrix. This leaves a 
residual U(l) gauge symmetry. Each matter field that transforms in the fundamental 
of the original SU(2) gives rise to a pair of matter fields with charges ±1 under the 
resulting U(l). For example, if we start with a cubic on P 2 , after Higgsing we get a 
U(l) theory with 108 charged matter fields — the minimum number of charged matter 
fields compatible with anomaly cancellation in a 6D supergravity theory with a single 
U(l) factor [37]. More generally, if we Higgs the SU(2) using one adjoint (whose charged 
components are eaten up) and there are also g — 1 other adjoint fields available, each of 
the g — 1 other adjoints produces a multiplet of charges (—2, 0, +2) under the resulting 
U(l). For example, tuning an SU(2) on a quartic on P 2 and then Higgsing gives 128 
matter fields with charges ±1 and 4 matter fields with charges ±2. 


2.1.2 UnHiggsing a U(l) 

An F-theory compactihcation on a base manifold B is defined through a Weierstrass 
model y 2 = x 3 + f xz A + gz 6 , where / and g are sections / G r((9(— AKb)), g G 
T(0(—6Kb))- Such an elliptic fibration has a global section z = 0. We often work 
in the coordinate patch of P(2, 3,1) where z — 1, giving the common form 

y 2 = x 3 + fx + g. (2.2) 


ft was shown in 0, using the elliptic curve in B^P^l, 1, 2), that the general form of 
a Weierstrass model with a U(l) factor takes the form 

1 12.21 
V 2 = x 3 + (eie 3 - -e 2 - b 2 e 0 )x + (-e 0 e 2 + -eie 2 e 3 - —e\ + -b 2 e 0 e 2 - -5 2 e 2 ). (2.3) 

Here, b is a section of a line bundle O(L), where L is effective, and e* are sections of line 
bundles 0((i — 4 )Kb + (i — 2 )L). The Weierstrass model (2.3) has a nontrivial rational 


section, so that the Mordell-Weil group of rational sections has rank (at least) 1. As 
described in 0 E3, when the parameter b is taken to vanish, the divisor associated to 
this rational section is transformed to a vertical divisor. In general, assuming that in 
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the original U(l) model there is no Kodaira singularity on the divisoij^] e 3 , this leads to 
a non-Abelian SU(2) factor on e 3 , giving an unHiggsing corresponding to the reverse of 
the process described above. Note thatj^] [e 3 ] = — K B + L always has a form that allows 
for an adjoint representation of the resulting SU(2). 


In situations where the original model (2.3) already has some non-Abelian gauge group 
components, the story can be slightly more complicated. In some cases, tuning the SU(2) 
can lead to (4, 6 ) singularities at codimension one or two. If the divisor [e 3 ] already itself 
supports a non-Abelian gauge factor, then tuning 6 —)• 0 leads to an enhancement of the 
original gauge factor with an increase in rank, as the horizontal divisor of the rational 
section is transformed into vertical form. The form of (2.3) shows that any U(l) can 
thus be “unHiggsed” corresponding to an enhancement of the non-Abelian sector of the 
theory, albeit in some cases with resulting singularities. 


Another relevant situation can occur when e 3 = a/3, i.e. 63 is reducible. In this case, 
performing the unHiggsing by taking 5 —)• 0 leads to an SU(2) factor on each component of 
e 3 . For example, consider the case where the base is B = P 2 and [es] = 3 H, [a] = H, [/3] = 
2 H. In this case, the unHiggsing gives a theory with SU(2) factors on a pair of intersecting 
curves a, /3 of degrees one and two. In this case there is no adjoint matter field to 
Higgs. The spectrum of the resulting theory in this example consists of 22 fundamentals 
on a and 40 fundamentals on /3, including two bifundamental hypermultiplets (2, 2) 
associated with the two intersection points, cf. the general multiplicity formulae (B.9). 
The bifundamental fields can be Higgsed by turning on VEV’s of the form diag(ui, V 2 ) 
for two independent VEV’s Vi, v 2 . Note that two fields must be used for this Higgsing to 
satisfy the D-flatness conditions when fields in the fundamental representation are used, 
unlike in the case of Higgsing on an adjoint field where only one field is needed since 
the D-term constraints are automatically satisfied. Each bifundamental contributes two 
fundamentals to the spectrum on each curve, so after the Higgsing there are 18 + 36 = 54 
SU(2) fundamentals that are broken to pairs of ±1 charges under the resulting U(l), 
reproducing the expected number 108 of charged hypers. This kind of model can be 
understood as simply a degeneration of a single divisor e 3 to a combination of divisors 
a/3. The Higgsing can be thought of as occurring in two stages: first a Higgsing by a 
VEV proportional to e.g. 1 that re-combines the two components, and then a Higgsing 
by the resulting adjoint. After the complete Higgsing, the remaining U(l) can be seen 
as the difference Ug 1 ’’ — a^ of Cartan generators of the original SU(2) factors. 


Note that in the case where e 3 is reducible, if either factor a, /3 can by itself support 
an adjoint, i.e., if a > —K B or f3 > —K B , then the U(l) model can be seen as coming 
from an SU(2) on the divisor a/3 in several different ways. First, in the fashion just 
described where both SU(2)’s are Higgsed simultaneously using a pair of bifundamental 
matter fields, and second by first Higgsing an SU(2) adjoint to get U(l)xSU(2) and then 
Higgsing a bifundamental with both U(l) and SU(2) charges. For example, if a > —K B , 
then the SU(2) on a already contains an adjoint, and Higgsing that adjoint will produce 


4 As a short-hand notation, we denote here and in the following e.g. the divisor e 3 = 0 simply by e 3 . 
5 We will denote the divisor class of a section on B n with brackets, e.g. the class of e 3 by [e 3 ]. 
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a theory with gauge group U(l)xSU(2) with the SU(2) supported on (3. This represents 
a sort of intermediate stage of the Higgsing process, where the U(l) in the fully Higgsed 
model is related to a combination of the U(l) field associated with a and the Cartan 
of the SU(2) on f3. This can be seen algebraically in the F-theory context through the 
Abelian model (2.3). Here, the residual SU(2) on (3 is introduced by taking e 3 = a/3 
and having a factor of [3 in b as b — b'/3. Then, the rational section lives only on a as 
its coordinates in B1 iP 2 (1,1,2) are [— b'f3 : 1 : a(3 : 0] = \—b' : 1 : a : 0] employing the 
C*-action. Note also that in the fully unHiggsed model with b' = 0 the extra factor of f3 
can then be moved out of e 3 by redefining e 3 = e 3 //3, e± = f3ei , e 0 = (3 2 e 0 . 


We encounter a number of related situations in the later sections of the paper, where 
various unHiggsed models can be partially Higgsed in various sequences to go between a 
non-Abclian model and an Abelian model. For the most part, the focus however is on 
the completely Higgsed and completely unHiggsed endpoints of these processes. 


2.2 Higgsing and two U(l)’s: simple constructions 

Now let us consider some simple ways in which a pair of U(l)’s can be produced from 
the Higgsing of a non-Abclian model. The simplest way in which this can be done is to 
start with a theory with a rank two non-Abelian gauge group SU(2)xSU(2) or SU(3), 
where each factor has an adjoint representation that can be Higgsed. One might also 
consider a theory with group G 2 , but a Higgsing of G 2 on the adjoint can give SU(3), so 
the resulting U(l)xU(l) models and spectra are identical to those that could come from 
an original SU(3) model. 


2.2.1 Higgsing SU(2)xSU(2) 


If we have two SU(2) factors that are tuned on two independent smooth divisors A, B > 
—Kb, then each of the factors carries an adjoint representation, and each can be inde¬ 
pendently Higgsed just as in the case of a single SU(2). The resulting model has a gauge 
group U(l)xU(l). In general, the original model will have some number of fundamen¬ 
tals transforming under each of the SU(2) factors, and some number of bifundamental 
fields that transform as a fundamental under each of the factors, in addition to a num¬ 
ber of adjoint representations for each group corresponding to the genera of the two 
curves. After the two factors are Higgsed, the fundamentals will become scalar fields 
that carry charges (±1,0) and (0, ±1) under the two U(l) factors. The bifundamental 
fields will carry charges (± 1 , ± 1 ), and the extra adjoint fields will carry nonzero charges 
(±2,0), (0, ±2). This gives a characteristic set of spectra that can arise from this Higgsing 
structure, depicted in Figure [lj 


As an example, consider a 6 D model on P 2 . If we tune an SU(2) on each of two divisors 
A, B of degrees a,b > 3, then we will have g a = (a—l)(a—2)/2 adjoints and 6a 2 ±16(l— g a ) 
fundamental matter representations charged under the first SU(2), and similarly for the 
second SU(2) with a —* b, see (B.9). The number of bifundamental hypermultiplets 
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Figure 1: Weight lattice of charges in a theory with a U(l) xU(l) gauge group realized by 
Higgsing a theory with gauge group SU(2)xSU(2). Dots in red indicate the adjoint, dots 
in blue the bifundamental and black dots are the fundamentals. The origin is indicated 
by an extra circle. 

will be ab. When both SU(2) groups are broken by Higgsing an adjoint representation, 
the remaining adjoints become charge 2 fields, and fundamentals become charge 1 fields 
under one of the two U(l) factors (and neutral under the other U(l)) in the resulting 
U(l)xU(l) gauge theory. In the simplest case, a = b = 3, there are 9 bifundamental 
fields that carry charges (±1, ±1) after Higgsing, and another 36 fundamental fields for 
each factor that carry charges (±1, 0) and (0, ±1) each. For each U(l) the total number 
of matter fields of charge ±1 is 108, satisfying the anomaly cancellation conditions. Note 
that the counting of matter multiplets here is in terms of full 6 D hypermultiplets, each 
of which contains two “half hypermultiplets” with opposite charges. 

Note that this distribution of charges cannot be realized using the class of U(l)xU(l) 
models constructed in 0 ei dm nun]. Thus, a more general model is needed. 


2.2.2 Higgsing SU(3) 


In a similar vein, we can tune an SU(3) gauge group on a single smooth divisor A > —Kb- 
The resulting SU(3) theory will have at least one adjoint matter representation, and 
some number of fundamental matter representations. Note that in the six-dimensional 
theory, with vector-like matter, the “fundamental” matter hypermultiplets contain both 
the fundamental and conjugate anti-fundamental representations. On P 2 , for example, 
we again have g = (a — l)(a — 2)/2 adjoint representations when the SU(3) is tuned 
on a degree a curve, and the corresponding number of fundamental matter fields is 


x 3 = 6a 2 + 18(l — g), cf. the general multiplicity formula (B.18). The SU(3) can be broken 
by Higgsing along two Cartan generators, e.g. A = diag(l, —1, 0 ), n — diag(l, 0, —1). The 
fundamental representation of SU(3) carries charges ( 1 , 1 ), (— 1 , 0 ), and ( 0 , — 1 ) under the 
resulting U(l)xU(l), and the anti-fundamental representation in the same multiplet 
carries charges (—1, —1), (1, 0), and (0,1). Additional adjoint representations of SU(3) 
acquire charges of ±( 2 , 1 ), ±( 1 , 2 ), and ±( 1 , — 1 ) (and two singlets) under the breaking 
to U(l)xU(l). This spectrum is shown graphically in Figure [2j 

Again, this type of spectrum cannot be produced by the U(l)x U(l) models in 
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Figure 2: Weight lattice of charges in a theory with a U(l)xU(l) gauge group realized 
by Higgsing a theory with gauge group SU(3). Dots in red indicate the adjoint and black 
dots are the fundamental and antifundamental. The origin is indicated by an extra circle. 

rnmmmm- 

As a simple example, consider tuning an SU(3) on a cubic on P 2 . The matter con¬ 
tent consists of one adjoint and 54 fundamental matter fields. Breaking the SU(3) to 
U(l)xU(l) by Higgsing the adjoint gives 54 matter fields in each of the representations 
(1,1), (1, 0 ), ( 0 ,1), which appear along with their complex conjugates (—1, —1), (—1, 0 ), 
(0, —1) in each full hypermultiplet. Note that again we have 108 charged matter fields 
under each U(l) factor, so anomaly cancellation is satisfied. There is, however, with this 
spectrum no way to redefine the basis of U(l) holds to match the spectrum found in the 
class of theories realized by Higgsing an SU(2)xSU(2) model. 

ft is worth mentioning also here the spectrum that results if an SU(3) is partially 
Higgsed on a single Cartan generator to give a theory with U(l)xSU(2) gauge group. 
In this case, Higgsing for example on As = diag(l, 1, —2), the fundamental represen¬ 
tation of SU(3) breaks to the representation content (+1,2) + (—2,1) of U(l)xSU(2), 
with the anti-fundamental in the same hypermultiplet carrying the conjugate to this 
representation content, and the adjoint breaks to (+3, 2) + (0, 3), (—3, 2). Note that all 
fields are invariant under the diagonal Z 2 , so that the precise gauge group in this case is 
(U(l) x SU(2))/Z 2 . The presence of this discrete Z 2 quotient and the difference in spec¬ 
trum distinguishes this representation content from that associated with the Higgsing of 
a single SU(2) in an SU(2)xSU(2) model such as discussed in the previous subsection. 
Breaking down to U(l)xU(l), it is straightforward to check that the representation con¬ 
tent reproduces that described above, under an appropriate linear recombination of the 
generators. 

2.2.3 Hybrid models from SU(2)xSU(2)xSU(3) 

While the preceding models are the simplest ways of getting two U(l) factors from the 
Higgsing of a non-Abclian theory, by considering the possibility of reducible divisors 
supporting the SU(2) factors as in the single U(l) theories described above, some more 
interesting structures can emerge. While for a single U(l) factor, the possible spectra are 
essentially the same whether the U(l) comes from Higgsing an SU(2) on an irreducible 
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divisor A or a reducible divisor A" = AB, when there are two U(l) factors, we can consider 
a situation where one U(l) comes from ffiggsing a non-Abelian factor on X = AC, and 
the other U(l) comes from ffiggsing a non-Abelian factor on Y — BC. Compared to 
models with a single U(l) factor, much more interesting and subtle structure is possible 
when the reduction occurs in this way for the U(l)xU(l) model. In particular, in this 
situation the divisor C generally will support a gauge factor SU(3), and we can get a 
variety of different charges in the U(l) x U(l) theory by starting with different matter 
content in the unHiggsed theory. 

In fact, the general Abelian U(l ) 2 theory considered in this work is precisely of this 
type. It arises from Higgsing a non-Abelian theory with gauge group 


G = SU(2) x SU(2) x SU(3), 


(2.4) 


where the three factors are tuned on divisors A, B, C. Most notably, the gauge group on 
C is only an SU(3) associated to an I 3 singularity, in contrast to the common expectation 
of an J 4 singularity at the collision of two J 2 singularities. In general, each gauge group 
factor will have some associated number of fundamental representations and some num¬ 
ber of adjoint representations, and there can be bifundamental representations between 
each pair of gauge group factors. The multiplicities of these matter fields are given by 


the general formulae (B.22). In this general context, the bifundamental fields are pri¬ 


marily used to Higgs the product group SU(2)xSU(2)xSU(3) (which requires at least 
two bifundamentals for D-flatness), the spectrum of the resulting U(l)xU(l) model will 
be somewhat different from either of the rank two Higgsings described above. 

As in the case of unHiggsing a single U(l) factor, any of the divisors A,B,C can 
be reducible, leading to a larger gauge group after unHiggsing. We find one broad 
class of models where A is generically reducible, so that the complete gauge group after 
unHiggsing is SU(2) x SU(2) x SU(2) x SU(3), and the Higgsing is again carried out 
through bifundamental fields. 

To see how the matter spectrum of the theory follows from Higgsing the general 
SU(2) x SU(2) x SU(3) model on bifundamental fields, consider first Higgsing on a 
bifundamental (1,2,3) between the SU(2)xSU(3) on B D C, via a vacuum expectation 
value proportional to 

'10 0 ' 

0 0 0 , 


(2.5) 


This leaves a gauge group SU(2)x U(l) xSU(2). We can then Higgs a bifundamental 
(2,1, 2) on dflC, leaving a gauge group U(l)xU(l). Carrying this out explicitly, we 
can write the residual U(l) generators £ and £ in terms of the Cartan generators of the 
factors SU(2), SU(2), SU(3) as 


£ = fj, - \ - a . 


(i) 

3 j 


C = 4 2> - A. 


( 2 , 6 ) 


A short calculation then shows that the spectra of the different bifundamentals decompose 
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under U(l)xU(l) as 

(2,2,1) -+ (±1,±1), (2.7) 

(1.2.3) -+ (-1,1)+ (-1,-1)+ (0,-2)+ (1,0)+ (1,2)+ (0,0), 

(2.1.3) -+ (-1,-1)+ (1,-1)+ (-2,0)+ (0,1)+ (2,1)+ (0,0). 

Similarly, we obtain the following decomposition under U(l) x U(l) of the fundamentals 

( 2 , 1 , 1 ) -+ (± 1 , 0 ), ( 2 . 8 ) 

( 1 , 2 , 1 ) -+ ( 0 , ± 1 ), 

(1,1,3) -+ (0,-1)+ (1,1)+ (1,0). 

This spectrum is shown in Figure [3j where we emphasize that a hypermultiplet in complex 
representation always contains states of a given charge and their conjugates. If there are 
adjoints on any of the divisors A, B , C they will decompose as 

(3.1.1) -+ (±2,0)+ (0,0) (2.9) 

(1.3.1) -> (0, ±2) + (0, 0) 

( 1 , 1 , 8 ) -+ ±( 2 , 1 )+ ±( 1 , 2 )+ ±( 1 ,- 1 )+ 2 ( 0 , 0 ) 

Thus, the Higgsing on bifundamentals of a theory with SU(2) xSU(2) xSU(3) gauge 
group gives a different, and more general, spectrum than the rank two Higgsings on 
SU(2)xSU(2) or SU(3) above. 


• • 

• • • • 

• • • • 

• • 

Figure 3: Weight lattice of charges in a theory with a U(l)xU(l) gauge group realized 
by Higgsing a theory with gauge group SU(2) xSU(2) xSU(3). The origin is indicated by 
an extra circle. 


2.2.4 Singular divisors and higher charges 

In the general U(l)xU(l) Weierstrass model that we derive in the following section, it 
turns out that there are even more exotic classes of spectra, corresponding to Higgsing 
of models where a gauge group has been tuned on a singular divisor, associated with a 
more complicated matter representation. 
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While generic F-theory models in which gauge groups are tuned on smooth divisors 
give only simple matter representations for the low-energy gauge group, such as funda¬ 
mental and antisymmetric representations for SU(iV) gauge groups, more exotic repre¬ 
sentations can be realized in F-theory when the coefficients in the Weierstrass model are 
tuned to realize more complicated codimension two loci in the elliptic fibration. While 
there is not yet a complete map between codimension two singularities structures and the 
representation theory of matter and the corresponding low-energy supergravity theory, 
anomaly cancellation in 6 D theories gives some insight into this correspondence, which 
has partially been explored in [TIj, 02]. One of the simplest examples of this kind of 
situation arises for representations of SU(iV). As shown in [0T], every irreducible repre¬ 
sentation R of a simple gauge group factor G has associated with it a genus contribution 
gn- The value of should indicate the contribution to the arithmetic genus of a singular 
curve in the base surface of an F-theory compactihcation that carries that gauge group, 
where the matter representation R is located at the singularity in question. All purely 
antisymmetric tensor representations of SU(Y) (i.e., those whose Young diagram has a 
single column) have a genus contribution of <7 = 0 , and can be realized by codimension 
two singularities of the Weierstrass model over a smooth curve. The adjoint and sym¬ 
metric tensor representations both carry genus contributions of g = 1 for all SU(iV). The 
adjoint representation is the matter representation carried generically by a smooth divisor 
of genus g > 0 . As described in [03, 02], the symmetric tensor representation arises when 
the gauge group is supported on a curve C that has an ordinary double point or cusp 
singularity. For SU(2), the adjoint and symmetric tensor representations are equivalent, 
so this distinction does not lead to different spectra in low-energy theories either of an 
SU(2) or U(l) theory. For SU(3), on the other hand, the adjoint and symmetric tensor 
representations are distinct. In six-dimensional theories, anomaly cancellation conditions 
treat an adjoint matter representation as equivalent to the combination of a symmetric 
and an anti-symmetric tensor representation of SU(3). Thus, there are low energy theo¬ 
ries of 6 D supergravity with an SU(3) gauge group in which some g' of the total possible 
g adjoint representations are replaced by symmetric + antisymmetric representations. 
When such an SU(3) is Higgsed, it gives rise to a distinctive pattern of charges for the 
resulting U(l)xU(l) theory. In the general model that we describe in the following sec¬ 
tion, we find that there is a parameter that determines the number of such singularities 
that must be present on the curve carrying an SU(3) gauge group. Here we summarize 
the consequences for the spectrum after Higgsing. 

We consider the most general model, where the unHiggsed gauge group is SU(2) x 
SU(2) x SU(3). We now assume, however, that the SU(3) carries in addition to g — g' 
adjoint fields, g' symmetric and g' antisymmetric representations. The antisymmetric 
representations are just the anti-fundamental, so give rise to the same U(l) charges as 
the fundamental representation described in the previous subsection. The symmetric 
representation 6 of SU(3), however, transforms differently and gives rise to charges 

( 1 , 1 , 6 ) ( 2 , 2 ) + ( 0 , - 2 ) + (- 2 , 0 ) + ( 0 , 1 ) + ( 1 , 0 ) + (- 1 , - 1 ) ( 2 . 10 ) 

Thus, in the most general situation we expect that we may have a spectrum of U(l) xU(l) 
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charges such as those shown in Figure [4j 

• • • 

• • • • 

• •(§)•• 

• • • • 

• • • 

Figure 4: Weight lattice of charges in a theory with a U(l)xU(l) gauge group realized 

by Higgsing a theory with gauge group SU(2) xSU(2) xSU(3), when the SU(3) carries 
matter in the symmetric representation, associated in F-theory with singular points on 
the curve C carrying the SU(3) factor. 


2.3 Examples 


To illustrate some of the different structures just described, we give some simple examples. 
These examples also show how the different branches of the set of U(l)xU(l) models 
have different dimensionalities. 

We consider the simplest 6D models on the base P 2 of each of the types just described. 

For the SU(2)xSU(2) model, we have two SU(2) factors tuned on two cubic curves 
A, B. The spectrum of this model was described in §2.2.1 After Higgsing both SU(2) 
factors as described there, using two adjoint fields, there are a total of 36 + 72 + 72 = 
180 charged matter fields. Gravitational anomaly cancellation imposes the condition 
H — V = 273, so the number of neutral scalar fields parameterizing this class of models 
is //uncharged = 273 + 2 - 180 = 95. 

For the SU(3) model, we have a single SU(3) factor on a cubic curve A. We Higgs 
using the adjoint field to a U(l)xU(l) model. The spectrum as discussed above in f 2.2.2 


now contains 54 + 54 + 54 = 162 charged matter fields, so the number of neutral scalars 
is //uncharged = 275 — 162 = 113. Thus, this branch of the U(l)xU(l) moduli space 
has many more degrees of freedom than the branch arising from Higgsing the simplest 
SU(2)xSU(2) model. 

Now we consider a hybrid model, where SU(2)xSU(2)x SU(3) is tuned on A,B,C, 
where A, B are degree one (lines) and C is degree two (conic). In this case in the non- 
Abelian theory there are no adjoint matter fields, and we Higgs the theory by turning 
on expectation values for bifundamentals as described in §2.2.3 The numbers of charged 
and neutral hypermultiplets lie in-between those in the two models above: we have 172 
charged fields and 103 neutral scalars. Because there are no adjoints of the SU(2) factors, 
and all the SU(2) x SU(3) bifundamentals are Higgsed, the set of charges is captured by 
the subset of charges that appear in both Figure [l] and Figure [2j if A, B were higher 
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degree the charge spectrum would be that of Figure [3j Note however that the detailed 
multiplicities in the spectrum resulting from this construction is different from any that 
could be produced simply by Higgsing an SU(3). In particular, in this model the spectrum 
contains 40 fields with charge (1,1), 4 fields with charge (1, —1), and 64 fields each with 
charges ( 1 , 0 ) and ( 0 , 1 ) (in each case the hypermultiplet for the field also contains the 
conjugate charge). Here we used the branching rules ( 2.7[ )-(2.9) taking into account that 
two states each with charges (— 2 , 0 ), ( 0 ,- 2 ), ( 1 , 2 ), ( 2 , 1 ) and (— 1 , 1 ) as well as two 
neutral singlets are eaten up, respectively. This resulting spectrum cannot be realized 
from the other constructions available. 

Finally, we consider the simplest apparently consistent supergravity theory that would 
correspond to the spectrum depicted in Figure [4| as described in §2.2.4 In principle this 
could arise from an SU(3) with two adjoint matter representations, one symmetric rep¬ 
resentation, and 61 fundamental representations (of which one comes from the antisym¬ 
metric representation that comes along with the symmetric when replacing an adjoint). 
This model seems to give a sensible low-energy spectrum, and one might imagine that 
this spectrum could arise from an F-theory model where an SU(3) is tuned on a quartic 
curve C with an appropriate double point singularity. Strangely, however, as we see later 
in this paper, the general construction we present here only gives models of this type as¬ 
sociated with curves of degree 5 and higher. This puzzle is discussed further throughout 
the paper. 


3 General elliptic fibrations with three sections 


In this section we construct a general class of clliptically fibered Calabi-Yau manifolds 
7 r : X n+ i — > B n over a base B n so that the general elliptic fiber £ = tt _ 1 (p) with p a point 
in B n has three rational points, i.e., there is a rank two Mordell-Wcil group. F-theory 
compactified on X n+1 then yields a low-energy effective theory with a U(l)xU(l) gauge 
symmetry. First, in Section 3T we construct the elliptic curve £ as a specialized cubic 
in P 2 . Then, we find its Weierstrass form as well as the Weierstrass coordinates of its 
rational points in Section 3.2 Finally, in Section 3.3, we construct all Calabi-Yau elliptic 
fibrations Y n+1 of £ over B n . The construction we describe here is completely generic 
and is valid for an arbitrary F-theory base manifold B n . 


The crucial difference between the construction here and the one in [8j[9, lQ lfTTifl2 .32j 
is that the rational points in £ are kept at general positions and are not assumed to be 
toric points in P 2 (i.e. the simultaneous vanishings of two homogeneous coordinates). 
This will be the key to constructing a more general model that can, for example, be 
unHiggsed to SU(2)xSU(2) and SU(3) 
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3.1 A new elliptic curve 


We consider an elliptic curve £ with three rational points P, Q and R. It is well-known 
due to Deligne 031 , that these rational points define a line bundle At = 0(P + Q + R) 
that embeds £ into P 2 with M = O p 2 (1) 1^, cf. [8l[9l ITOl TTUT2] . In terms of the projective 
coordinates [u : v : w] on P 2 , this embedding is given by the cubic 

p := SiU 3 + S2U 2 V + S 3 UV 2 + S 1 iV 3 + (s 5 U 2 + SQUV + S7V 2 )w + (SsU + SQv)w 2 + Si 0 W 3 = 0, (3.1) 


where the coefficients take values in a given held K. In an elliptic hbration n : X n+1 —> 
B n of £, we identify K with the held of rational functions on B n . 


The identification At = 0 P 2{1)\ £ implies that there exists a section U of O p 2 ( 1 ) on 
the ambient space P 2 , so that U\s vanishes precisely at the three points P, Q and 
By a rotation in the P 2 , we choose U = u, see Figure [HJ [] By setting u — 0 in (3.1), we 


u = 0 



Figure 5: Cubic £ with three rational points P, Q and R contained in the line u — 0. 
obtain a cubic in v, w, 

q 3 = S 4 U 3 + S7V 2 W + SgVW 2 + SiqW 3 , (3.2) 


which has to have three distinct roots in K that are the rational points P, Q and R. For 
elliptic hbrations over B n , the held K is in general not algebraically closed. Thus, the 
existence of these roots constrains the coefficients in q 3 by imposing it to factorize as 


q-3 = hpi 1 ’ + " 


(3,3) 


2=1 


6 Indeed the given points P and Q on £ uniquely define a hyperplane in P 2 . This hyperplane intersects 


the cubic (3.1) in a third point, which automatically is rational. Thus, this point has to be R , because 


otherwise £ would have a fourth rational point, which is excluded by construction. 

' A general U takes the form U = Au + Bv + Cw with A, B 1 C coefficients in appropriate line bundles 
on B n . For a single elliptic curve, these are constants in K and we can perform a Gl(3)-transformation 
so that U = u. In an elliptic fibration, this is also possible in a general class of models. For a fibration 
over a three-dimensional base B$, one might worry about the codimension three locus A = B = C in 
the base where U = 0 which would be a point of I 3 fiber. However, we can use the C*-action on P 2 
to set e.g. A = 1 globally. Since u is then a coordinate on a P 2 -fiber independent of the base B n , it 
follows that U is non-vanishing on B n , too. Thus, we can globally in the P 2 -fibration over B n perform 
the rotation to U = u. 
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where a,, bi take values in K. Thus, the coefficients in q 3 have to be given by the 
elementary symmetric polynomials in the a*, bj. In summary, the elliptic hbration (3.1) 
meeting the requirement of admitting three rational points takes the form 


P = u(SiU 2 + S 2 UV + S 3 V 2 + S 5 UW + SqVW + s$w 2 ) + JJ(ad’ + kw) = 0 . (3.4) 

i=l 

It is important to note that in an elliptic hbration it is not generally possible globally to 


move two of the roots of (3.3) to v = 0 and w = 0, as the necessary variable transforma¬ 


tion will generically involve denominators that are ill-defined at certain loci on B n . In 
contrast, for a single elliptic curve this is always possible and leads to the elliptic curve 
in dP 2 studied in an F-theory context in [SJ 9) HD, [TTj, \T2\ . 


The three rational points P, Q and R of (3.4) have the general coordinates 

P = [0 : —bi : ai] , Q = [0 : -b 2 : a 2 \ , R = [0 : —b 3 : a 3 ]. (3.5) 

We note that these rational points coincide when the two lines a,v + biW = 0 and a,jV + 
bjW = 0 align. This happens when the 2 x 2-matrix of coefficients of these two equations 
has rank one, which is the case if afij — ajbi = 0, for i ^ j. More explicitly, we obtain 

P — Q Oj\b 2 — (i 2 bi = 0 , P — R ci\b 3 — Oi 3 b\ = 0 , Q — R \ (x 2 b 3 — ci 3 b 2 = 0 , 

P = Q = R : a 3 b 2 - a 2 bi = aib 3 - a 3 b x = a 2 b 3 - a 3 b 2 = 0 . (3.6) 


Note that we have to have (a;, bi) ^ (0,0) because otherwise the elliptic curve (3.4) would 
not be smooth and the rational points not well-defined. 


3.1.1 Specialized models 


There are certain elliptic hbrations, for which the model (3.4) of the elliptic curve £ can 


be further simplified. Indeed, if for a particular i we have that a* is a constant (this is 
equivalent to the case of constant bi by exchanging v and w), we can perform the global 
variable transformation 

v i->- v - -w , (3.7) 


which effectively removes bi so that one root of q 3 in (3.3) is at v = 0. Without loss of 


generality we can assume that i — 1 and a\ = 1 so that the hypersurface equation (3.4) 
takes the form 

u(s\u 2 + s 2 uv + s 3 v 2 + s 3 uw + sqvw + s 3 w 2 ) + v(a 2 v + b 2 w)(a 3 v + b 3 w) = 0 . (3.8) 

The coordinate ( 3.5| ) of the rational points reduce to 

P= [0:0:1], Q = [0 : -b 2 : a 2 \, R = [0 : -b 3 : a 3 \ . (3.9) 
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Note that in elliptic fibrations of this form the point P is well defined everywhere on B n . 
For this specialized model, we have also worked out the presentation as a non-generic 
quartic in P 2 (l, 1 , 2 ) in Appendix [cj which is a specialization of the U(l) model of [4], 

We emphasize two main differences between this specialized model and the general 
model (3.4). First of all, the coefficient b\ is absent from the cubic (3.8). As we demon¬ 


strate in Section 3.3, this implies that there is no corresponding effective divisor class 


associated to b\, which gives us more freedom for the degrees of other divisor classes 
defining the elliptic hbration. Second, and more physically, F-theory compactifcations 


on elliptic fibrations based on (3.8) do not have matter fields at a\ = b\ = 0, while the 


spectrum is otherwise identical, as we will work out in Section 4.2 


Finally, we note that we can have a further specialization if in addition to a constant 
ai, also &2 is a constant. In this case, we can redefine w globally to obtain the cubic 


u(s\u 2 + s 2 uv + S 3 V 2 + S 5 UW + sqvw + sgw 2 ) + vw(a 3 v + b 3 w) = 0 . 


(3.10) 


This is precisely the elliptic curve in <iP 2 studied in | 8 [ [9f fTO], Li. 42]. <iP 2 -clliptic fibrations 
in general do not admit rank-preserving unHiggsings as the points at u = v = 0 and 
u = w = 0 generally do not collide in the hbration and, consequently, can not be merged 
by a tuning of the complex structure. As shown in [32], the theory can, however, be 
unHiggsed to SU(3) 3 /Z 3 and (SU(2 ) 2 x SU(4))/Z 2 , respectively, where the rational point 
u = w = 0 has turned into Mordcll-Weil torsionJ3 


I 11 summary, we see that (3.4) admits certain specializations. As the case of constant 


d\ and b 2 reduces to the elliptic curve in dP 2 , that has been studied extensively in recent 
literature, we will primarily consider the completely general case and the novel special 
case di = 1 , 61 = 0 with generic a 2 , a 3 , b 2} b 3 . 


3.2 The Weierstrass form 

We now proceed with the calculation of the Weierstrass form (WSF) 

y 2 = x 3 + fxz A + gz 6 


(3.11) 


of the elliptic curve (3.4). Choosing P as the zero point, the birational map to the WSF 


can be obtained by applying again the procedure of Deligne and constructing the sections 
of the line bundles OinP) for n — 1,..., 6 yielding an embedding of £ into P 1,2,3 . This 
procedure has been described and applied in an F-theory context recently, see appendix 
B of [3] and more specifically [9] 11] for the case of cubics. Alternatively, we can apply 


Nagcll's algorithm to (3.4), see e.g. appendix B of [9]. 

Instead of following these two procedures, we take a shortcut here by using the WSF 
of the elliptic curve in dP 2 . Indeed, we can perform the rational variable transformation 


3 The subset of dP 2 models unHiggsing to SU(3) x SU(2) are discussed in Section 4.3 
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v i —y v — — w and w i—>■ w — 


CL\CL2 


_ _ . - , ,-v on the cubic equation (3.4) so that it assumes the 

d\ ai02—CL20i ^ M 

standard form of an cHVclliptic fibration, that is 

pdPo — u(s\U 2 + §2 UV + SgV 2 + S 5 UW + SqVW + SgW 2 ) + Vw(srV + SqW ). (3.12) 


Here the coefficients s* are given by si = si and 


s 2 = 


_ ai(,b2S2-a2S5) 


a1(aZsg—a2b2Se+bZs3) 
S 3 = —-- 


ai&2— a 2 bi ’ (ai&2—a2&l) 2 

_ 6i(6is 3 -ais 6 ) 


S 5 — S5 — 


biS 2 

ai 


~ _ ai(b2S6-2a2S8)+bi(a,2S6-2b2S3) 

S 6 ~ - 


a\b2—CL2bi 


S7 ~ a l(«3&2 — ) j Sg — 


+ s 8 j 


~ _ (ai6 2 -a2bl)(«ib3-a36l) 

S9 — - 


a 1 


(3.13) 


Then, we can directly apply the results of [9] for the functions /, g of the Weierstrass 
model. Clearing denominators gives a Weierstrass model where the coefficients /, g are 
polynomials in the s*, a,j, bk- The resulting expressions are quite lengthy and can be found 
in Appendix [A| We emphasize that both / and g are both manifestly symmetric under 


exchange of the rational points, i.e. both expressions (A.l) and (A.2) are invariant under 


exchanging (a*, 63) -H- (a,, bj) for any pair i 7^ j. Note that neither /, g nor the discrimi¬ 
nant A admit a factorization, signaling the absence of codimension one singularities. The 


singularities at codimension two and higher will be discussed in Section 4.1 


We can use this birational map to WSF in order to compute the Weierstrass coordi¬ 
nates of the rational points Q , R. Again, the obtained formula are lengthy and relegated 
to Appendix [Aj For Q we obtain the coordinates given in ( A.3[ ). The Weierstrass coordi¬ 
nates of the rational point P, given in (A.4) and denoted by [yn : xr : zr], are obtained 
from the ones for Q by exchanging the variables (a 2 , & 2 ) -H- (03, 63) by symmetry of the 


elliptic curve (3.4). 


Specialized model 


The WSF of the specialized cubic curve (3.8) is obtained from (A.l), (A.2) by setting 


a i = l and b\ = 0. Similarly we obtain the Weierstrass coordinates of the rational point 


Q from (A.3) in this limit: 


Z Q = -62 , 


x q — — (- 4 & 2 (& 3 s 2 + CZ3S5) — 12 a 2 6 2 S 6 S 8 + 12 a 2 Sg + b 2 (8a2bsS5 + s 6 + 8s3Sg)), 

IJQ — x(^ 2 ^3( a 3^2 — 0 2 ^3) s l — ^ 2 ( a 3^2 — O2&3X&2S2 — a 2 S5) s 8 — &2&3S5 (& 2 S 3 — a 2 ^ 2 S 6 + G^Ss) 


+Sg(& 2 S6 — 2a2Sg)(6 2 S3 — a2& 2 S6 + ° 2 s 8)) • 


(3.14) 


As before, we obtain the coordinates of the point R, by symmetry of (3.8), upon ex¬ 
changing (a 2 ,fe 2 ) (a 3 , 63). 
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3.3 Constructing elliptic fibrations 


We proceed with the construction of elliptically hbered Calabi-Yau manifolds 7r : X n+ i —> 
B n as hbrations of the curve £ defined in (3.4) over an arbitrary base B n . Although we 


focus in this work on the case of Calabi-Yau threefolds, the discussion in this section 
applies to any complex dimension of X n+1 . The procedure outlined here has been used 
already, e.g., in [9j HHi .32], to which we refer the reader for more details. 

An elliptic hbration by the curve £ over a base B n is formally obtained by identifying 
the held K with the held of rational functions on B n . Upon cancelling denominators, the 


coefficients Sj, ctj and bj in (3.4) are identified with sections of appropriate line bundles 
over B n . The correct line bundles are determined by imposing the Calabi-Yau condition 
on the total space of the hbration. Clearly, in the obtained elliptic hbration X n+l , the 


rational points in (3.5) lift to rational sections of the hbration, that we denote by sp, 


§q and sp. Their homology classes give rise to two U(l) gauge symmetries in F-theory 
compactihcations on X n+i [3]. 


In more detail, we hrst hber the two dimensional ambient space P 2 of (3.4) over B n 
yielding the projective bundle 


P 2 


P| = P (O b (D u ) 0 O b {D v ) © O b ) 


B 


(3.15) 


This is fully specihed by the two divisors D u and D v on B n , respectively, their associated 
line bundles being Op(D u ) and Op(D v ), which we chose so that 


v 6 0(7),,), V 6 0(7), ) 


(3.16) 


This implies that the constraint (3.4) becomes a section of a line bundle over the base B n . 
Consistency, i.e. the requirement that every monomial in (3.4) transforms as a section 


of the same line bundle, then requires that the coefficients Sj, a 3 and bj are sections of 


appropriate line bundles. Finally, we require in addition that the constraint (3.4) is a 


section of the anti-canonical bundle of (3.15), i.e., dehnes a Calabi-Yau manifold X n+1 . 
This condition fixes the line bundles for the coefficients s l , a,j and bj. 


Computing the anti-canonical bundle of (3.15) by adjunction and solving the con 


straints imposed by the Calabi-Yau condition, we obtain that the coefficients Sj, a,j, bj 
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have to be sections in the line bundles 


Section 

Line bundle 

Sl 

0(-6K b - 2[a{\ - 2[a 2 ] - 2[a 3 ] - 3[s 8 ]) 

s 2 

0(-AK b - [ fll ] - [a 2 ] - [a 3 ] - 2[s 8 ]) 

s 3 

0(-2K b - [s 8 ]) 

s 5 

0(-3K b - [ai] - [a 2 ] - [a 3 ] - [s 8 ]) 

s 6 

0(-K b ) 

s 8 

0([ss}) 

O] 

0(H) 

a 2 

0 (H) 

a 3 

o(H) 

bi 

0(K b + [a 3 ] + [sg]) 

b 2 

0(K b + [a 2 ] + [as]) 

bs 

0(K b + [a 3 ] + [a 8 ]) 


(3.17) 


Here —K B is the anti-canonical divisor of B n , and we set D u = 3 K B + [oi] + [a 2 ] + 
[a 3 ] + 2[sg], D v = K b + [s 8 ] so that all base divisors are parametrized by the classes 
[eti], i = 1,2,3, and [sg], corresponding to the sections a* and s 8 , respectively. This 
parametrization is convenient as these four classes have to be effective in a generic model. 
They can chosen freely subject to the condition that all ,s t and a v bj are effective, which 
yields a finite discrete set of possible strata in the moduli space of X n+1 . We note that 


the line bundles for each of the parameters in (3.17) can also be determined efficiently 


directly from the form of the Weierstrass coefficients /, g in Appendix [Aj where / e 
0(-AK B ),ge0(-6K B ). 


As immediate consequences of the effectiveness condition of (3.17) we infer that 
[s 8 ] < —2 K b , —K b < [aj] + [sg], [ai] + [02] + [a 3 ] + [sg] < —3 K 


L B ■ 


(3.18) 


where —K B must be (Q-) effective for a Calabi-Yau Weierstrass model to exist. These 
conditions will be crucial for the understanding of the unHiggsings of the U(l)-symmetries 


by tuning of the parameters in (3.4) as discussed below 


In summary, we see that the elliptically fibered Calabi-Yau manifold X n+ \ is specified 
by four discrete parameters. We note that this additional freedom is not present in the 
earlier construction in il El EDI EH 133, where there are only two discrete parameters. 


The presence of two additional discrete parameters is expected for the cubic in (3.2): 


it correspond to the two discrete degrees of freedom reflected in the two independent 
pairwise rescalings ((a,, 6*), (aj, bj)) t-)- (A(aj, 6 j), A -1 (aj, bj)) (i 7 ^ j ) which leave p = 0 
invariant, where A is a section of a line-bundle on B n . The additional discrete choices 
arise from specifying these two line-bundles. 
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The specialized model 


The case of the specialized model (3.8) is covered by the general result (3.17) by setting 
[ai] = 0 and dropping the coefficient b \, as this is no longer present in the model. We 


obtain 


Section 

Line bundle 

Sl 

0(—6K b — 2[a 2 ] — 2[a 3 ] — 3[s 8 ]) 

s 2 

0(—AK b — [a 2 ] — [a 3 ] — 2[s 8 ]) 

s 3 

0(-2K b - [s 8 ]) 

s 5 

0(-3K b - [a 2 ] - [a 3 ] - [s 8 ]) 

s 6 

o(-k b ) 

s 8 

0([s 8 }) 

a 2 

C>([a 2 ]) 

«3 

©([as]) 

b 2 

0[K b + [a 2 ] + [s 8 ]) 

h 

0(K b + [a 3 ] + [s 8 ]) 


We emphasize that the absence of the coefficient b\ weakens the effectiveness con¬ 
ditions imposed by (3.19) on the remaining parameters [02], [03] and [s 8 ], compared to 
(3.17). In fact, we do not have the constraint —K B < [s 8 ]. This implies that the model 
(3.8) has qualitatively different unHiggsings than the general model (3.4). 


3.4 Comparison with (^-elliptic fibrations 


Before continuing with our discussion, let us pause to compare with the elliptic fibrations 
with rank two Mordell-Wcil group constructed in [8' :9| '10, HU [12] using the elliptic curve 
in dP 2 . 


Clearly, for a single elliptic curve over the complex numbers C, we can always redefine 
the coordinates [u : v : w] in (3.4) to map to the elliptic curve in dP 2 given in (3.10). 
However, in an elliptic fibration, the necessary coordinate redefinition is not defined glob¬ 
ally unless we specialize [ai] = [b 2 \ = 0. Then, we can perform a coordinate redefinition 
that effectively sets bi = a 2 = 0. Like the specialized model described in (3.19), the 
dP 2 -elliptic fibration gives a class of constructions that are not captured by the general 
model X n+ \ where all coefficients cp, bi are non-vanishing. In the dP 2 -clliptic fibration, 
the coefficients b\ and a 2 are absent. Consequently, their divisor classes in (3.17) do 
not have to be effective, which relaxes the constraints imposed on the remaining two 
parameters [a 3 ] and [s 8 ], which are now allowed to assume values that would violate the 
effectiveness of b\ and a 2 if those parameters were non-vanishing. Hence, we obtain new 
models based on the dP 2 -clliptic curve giving rise to different physics in F-theory, that are 
not just a specialization of F-theory on a general X n+1 . Note, however, that all the mod¬ 
els found in the specialized model (3.19) and the dP 2 construction are still special cases 
of the Weierstrass model described in Appendix [A] the distinguishing feature of these 
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specialized models is that a broader range of classes can be chosen for the non-vanishing 
parameters [03], [ss], and [02] in the specialized models. 


Another way to formulate the difference between elliptic hbrations based on (3.4) 
with generic coefficients and those based on the specialized model (3.8) or the dP 2 - 
curve (3.10) is to compare the general intersection patterns of the rational sections in 
these three models. The intersection pattern of the sections in elliptic hbrations based 
on (IP 2 is shown in the first figure in Figure [6j that of the specialized models in the 
second figure while a generic situation in the general model X n+ \ is shown in the third 
figure. It is observed that the sections sp and sq in dP 2 -models can not intersect at 





Figure 6: Intersection pattern of sections in three different cubic fibers. 


codimension one in the base B n as they are induced by the fixed toric points P = [0 : 0 : 1] 
and Q — [0 : 1 : 0]. In contrast, in a specialized model, all sections can intersect 
independently, as discussed in (3.6). Finally, in a general model all sections can intersect, 


too, and the zero section is no longer rigid. As we will demonstrate in Section 4.2 this 
gives rise to a different matter spectrum of the F-theory models constructed as dP 2 -elliptic 
hbrations, the specialized and the general Calabi-Yau manifolds X n+1 ; in particular, 
the disjoint nature of the sections P, Q in the c/P 2 -models indicates that these sections 
cannot be brought together to form an unHiggsed model without Abelian factors in a 
straightforward fashion. 


Singularities, global resolution and the matter spec¬ 
trum 


In this section, we discuss the singularities of the elliptic hbration of the Calabi-Yau 
manifold X n+ \, the construction of a global CY-resolution of these singularities and 
the determination of the matter spectrum of the corresponding F-theory model. As we 
discuss further in Section 4.1[ the relevant singularities of X n+ i are at least codimension 
two in the base B n . The global resolution is represented as a complete intersection in a 
(n + 4)-dimensional ambient space. It describes two blow-ups at two non-toric points in 


the ambient space of the elliptic fiber. In Section 42, we use these results to obtain the 
general matter spectrum of an 6D F-theory compactihcation on X n+ i. 

Note that in the discussion here we focus on the matter charged under the U(l) F- 
theory fields associated with the rank two Mordell-Weil group, i.e. matter whose existence 
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is imposed by the considered elliptic fiber of the form (3.4). For simplicity, in this analysis 
we may assume that we are considering a generic elliptic fibration over a weak Fano base, 
so that there are no non-Abelian gauge group factors. As described in [321 US HZ] for 
6D and 4D F-theory compactifications, most bases B n are not weak Fano, and have 
associated non-Higgsablc non-Abelian gauge group factors for generic elliptic fibrations. 
In such cases, or when the Weierstrass model over a Fano base is specifically tuned, there 
are codimension one singularities as well, and a full resolution would involve non-Abelian 
gauge groups and associated charged matter as well as the Abelian factors and Abelian 
charges we describe here. More detailed analysis of such models could be carried out as 
a further extension of the Abelian analysis here. 


4.1 Singularities of X n+ \ and their global resolution 


In this section we determine all codimension two singularities of the clliptically fibered 
CY-manifold X n+1 . In general, the existence of rational sections in an elliptic fibration 
implies the presence of singularities in its Weierstrass model at codimension two in the 
base B n of the fibration, see e.g. [Si- As stated above, we make the simplifying 
assumption that there are no codimension one singularities in the elliptic fibration. As 
we will demonstrate below, X n+ i has Kodaira fibers of type I 2 at the codimension two 
loci in the base B n given in Table 4.1 Here we have denoted the variety given by the 


J 2 -loci at codimension two in B n 

V(I { 7>) 

vVm) 

vVm) 

V(I m ) 

v(b>) 

V(I( 3)) 

V{I(. 4 )) := {A 12 = s 3 b‘ 
I/(J (5) ) := {A 13 = s 3 b 
V{I(6)) '■= {A 23 = s 3 b 
= {Vq = Vr = (-q) 4 / 4 
= {VQ = (A?) 4 / + 3(x q 
= {Vr = (zr) 4 ! + 3 (x R 

= { fll = bi = 0 } 

= {®2 = = 0 } 

= {a 3 = b 3 = 0} 

- s^aibi + s s al = 0 }\H(/(i)) 

1 - s 6 a 161 + sgaf = 0 }\I/(/(i)) 

2 - s 6 a 2 b 2 + s 8 a .2 = 0 }\l/(/ (2 )) 

3(xq ) 2 = (zr) 4 / + 3(xr) 2 — 0}\H(J (1 )) 

) 2 = 0 }\V(I {1) ■ 1 ( 2 ) • 1(4) • 1(5) ■ /( 6 ) ■ /(7)) 
) 2 = 0}\V(/ (1) ■ 1(3) • 1(4) ■ I( 5 ) ■ 1(6) ■ 1(7)) 


Table 4.1: Codimension two matter loci of X n+ i. 


vanishing locus of an ideal I^ by V (/(&)), k — 1,..., 9; we have also used the Weierstrass 
coordinates of the rational sections sq, Sr given in (A.3), (A.4), and the shorthand 
notation 

A ij ■= a-ibj - bidj . (4.1) 


In addition, we specify the varieties V(I^)), k = 4,..., 9, in terms of reducible varieties 
from which we subtract unwanted irreducible components, employing V(I ■ J) = V(I) U 
V(J) for two ideals /, J. The corresponding prime ideals I(k) can be computed via 
the primary decomposition of the respective reducible variety. As discussed next, this 
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analysis confirms that the list above gives the complete set of irreducible components of 
the /2-loci. Further evidence of completeness is provided by anomaly cancellation in 6D, 
which we show in Section 14.21 


Next, let us comment on the derivation of the codimension two loci in Table [4Tj First, 
we recall that the presence of the two rational sections Sq and Sr implies two factoriza¬ 
tions of the Weierstrass form (3.11) of X n+ i. In the patch z — 1, these factorizations 
read 


x 


Q,R 


v Z Q,R / v “Q,R A 'Q,R / K “Q,R *Q,R' 

which implies a singularity at the following codimension two loci in the base B n 


(4.2) 


Vq,r ~ 0 > (■ z Q, R ) 4 f + 3 (xq,r) 2 — 0 . 


(4.3) 


The singularity at the loci (4.3) is of Kodaira type I 2 , as can be read off by the vanishing 


orders of (/, g, A). These are precisely the two complete intersections entering the last 
two lines in Table 14.11 


The locus (4.3) is a generically a reducible variety in B n . Over each irreducible com¬ 


ponent the behavior of the three sections sp, Sq and Sr is different, yielding different 
matter representations in F-theory. All irreducible matter loci are found by a decomposi¬ 


tion of (4.3) into its prime ideals as employed in [9, lOj. We claim that all its irreducible 
components are given in Table |4T As this decomposition is in general computationally 


involved, it is necessary to identify a number of codimension two singularities of the WSF 
of X n+ \ by hand, as we demonstrate next. 


4.1.1 Singularities in the cubic fibration X, 


n+1 


The elliptic fibration X n+ \ in the form (3.4) is singular and admits conifold singularities. 
These can be made manifest by writing the defining equation (3.4) in the more suggestive 
form 

uf u (u,v,w)+v 1 V 2 V 3 = 0, (4.4) 

where we defined 


f u (u , v, w ) := S\U 2 + S 2 UV + S 3 V 2 + s^uw + SqVW + s 8 w 2 , Vi := diV + btw . ( 4 . 5 ) 

This is a binomial geometry precisely of the form studied in f48i , 49] . As discussed in 
these works there are three intersecting conifold singularities at 

u = f u = 0 , Vi = Vj = 0 (i < j ), ( 4 . 6 ) 

where we only consider the irreducible components of codimension two in B n of this 
variety. If (ai,bi) 7^ (0,0) and (ctj,bj) 7^ 0, this yields three codimension two loci 

Aij := ciibj — bidj = 0 , s 3 b 2 - s^aA + s 8 a 2 = 0 , i = 1 , 2 , 3 , ( 4 . 7 ) 
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where the elliptic fiber is singular at [u : v : w] = [0, — These are precisely the 


complete intersections entering the third to sixth lines of Table 4.1 


For the special values (di,bi) = (0,0) the second term in (4.4) vanishes. Thus, the 


elliptic fiber of (4.4) degenerates into the line u = 0 and the conic f u = 0, which produces 


a resolved J 2 fiber at the three codimension two loci 


dj = bi = 0 , i — 1 , 2 , 3 


(4.8) 


These three loci are the first to third lines in Table 4.1. Note that in these cases, the 


sections sp, Sq, and Sr all intersect the fiber along the line u = 0; it is wrapped by that 


section whose coordinates are ill-defined at the respective locus in (4.8). Note also that 


while this J 2 singularity is resolved in the cubic model (3.4), the fiber is singular in the 
Weierstrass presentation. 


There are three additional ways to factorize (4.4) into a line and a conic at codimension 
two in B„. We write the factorization in the form 


(siu + diV + biw)q 2 (u, v, w) — 0, z = 1,2,3. 


(4.9) 


Here g 2 (u,u,u;) = u 2 + ... is a general conic in u, v, w. For generic a*, bi the line 
(.spa + diV + biW ) = 0 intersects the line u — 0 at the single point [u : v : w\ = [ 0 , —bi, a*], 
and precisely one of the rational points P, Q, R is on it. The three different possibilities 


in (4.9) correspond to the three different choices of which rational point lies on the line. 


The codimension two locus in B n supporting these I 2 fibers can be computed using 
elimination ideals, see [501 02], and is expected to yield the three ideals in the last three 


lines of Table 4.1 Again, (4.9) is a resolved J 2 fiber in the cubic presentation of X n+1 . 


4.1.2 Global resolution of the cubic fibration X n+1 

Thus, the only codimension two singularities of X n+1 that require an additional resolution 
are the conifold singularities in (4.6). As shown in [jiEJSS], these are resolved by blowing 


up the ambient space P^ of (4.4) defined in ( |3.15[ ) twice at u = Vi = 0 and / 2 = Vj = 0, 
respectively. Introducing projective coordinates [l\ : / 2 ], [mi : m 2 ] on F 0 = P 1 x P 1 , these 
two blow-ups are described by the complete intersection [5T] 

liU-l 2 Vi = 0, m 1 f u -m 2 v j = 0. (4.10) 

For these two constraints to be well-defined sections of line bundles, the coordinates on 
Po have to be sections of the following line bundles: 

l\ € 0([vi\ + Hi ), I 2 € 0([u\-\-Hi ), mi € C?([u_j] +P 2 ) , m 2 € G([/ u ] + P 2 ). (4.11) 
Here H\ and P 2 denote the hyperplane classes of the two P l5 s in Pq and the divisor class 


associated to a section is denoted by [•] as before. The assignment (4.11) implies that 
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F 0 is fibered non-trivially over P^. Thus, the ambient space of the complete intersection 
(4.10) is the following F 0 -bundle: 


p 0 -> W = F(0 © 0([u\ - h]) © O ® 0([f u ] - [u,-]). (4.12) 


P 


2 

B 


ffere the projectivization acts on the fiber coordinates in the four line bundle summands 
as the C*-actions in Fq. 


The proper transform of (4.4) in the blow-up (4.10) is readily computed using prime 
ideals, ft agrees with the naive result one obtains by multiplying (4.4) by hmi, using 


the two relations (4.10) and factoring out ViVj. 
intersection 


In summary, we obtain the complete 


hu - l 2 Vi = 0 , mif u - m 2 Vj = 0 , l 2 m 2 + v k l 1 m 1 = 0 , k^i,j 


(4.13) 


in the ambient space (4.12) as the global resolution of (4.4). We denote this global 
resolution of X n+ \ as X n+ \ in the following. A complete intersection resolution as (4.13) 
has also been used recently in [52] for the study of the Z 3 Tate-Shafarevich group. 


The Calabi-Yau condition of the complete intersection (4.13) is readily checked as 
follows. The first Chern class of (4.12) is computed as the sum of the first Chern class 
Ci(P^) of its base P^ and the four fiber line bundles, 

cr(W) = c 1 {P 2 B ) + [u\ + [f u }~[v i \-[v j \ + 2 (H 1 + H 2 ) 

= 2 ([u\ + if u ] + E x + H 2 ) - [uj - [ Vj ] , (4.14) 

where we have imposed the condition Ci(P^) = [it] + [/u] which is the Calabi-Yau condition 
of (4.4) in the ambient space (3.15) before resolution. Employing (4.11), we see that this 
is precisely the sum of the classes of the three constraints in (4.13), i.e. the complete 
intersection is indeed Calabi-Yau. 

Next, we compute the coordinates of the rational points P, Q and R in the resolution 
X n+1 . By plugging in their coordinates (3.5) into the complete intersection (4.13) we 
obtain their new coordinates in [u : v : w : l\ : l 2 : mi : m 2 \ as 

P : [0 : —bi : a\ : f u ( 0 , - 61 , ay) : A a Ay : A^, : /„( 0 , -61 : a x )] 

Q : [0 : — b- 2 : a 2 : f u { 0, — b 2 , a 2 ) : A k2 A 2 j : Aj 2 : f u ( 0, — b 2 , 02 )] 

R : [0 : —63 : 03 : f u ( 0 , —b 3 , G3) : A k 3 A 3 j : Aj 3 : f u ( 0 , —63, 03)] ( 4 - 15 ) 

where we used the shorthand notation A t j = afij — b^aj defined in ( |4.7 ). 

We note that we have obtained different resolutions, corresponding to the different 
choices of the labels ( i,j , k) in (4.13). For the purpose of computing the charged matter 
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spectrum of F-theory, we only need one particular resolution of X n+1 . For convenience 
we choose ( i,j,k ) = (1,2,3) in (4.13) yielding the resolution 


liu-l 2 vi = 0, m 1 f u — m 2 v 2 = 0, l 2 m 2 + vzhmi — 0 


(4.16) 


and the coordinates (4.15) 


P = [0 : —bi : a \ : /„(0, — b \, a ±) : A31A12 : A21 : f u ( 0 , —61 : 01)] , ( 4 - 17 ) 

Q — [0 : — b 2 : a 2 : 1 : 0 : 0 : 1] , R — [0 : —63 : 0,3 : 1 : 0 : A23 : f u ( 0, —b 3 , 03)] . 

For latest results on the geometrical construction of different geometrical resolution 
phases, we refer e.g. to the recent works 


We emphasize that the conifold singularities (4.6) are replaced by P^s, which are 


wrapped by rational points. The particular wrapping and the P 1 inside F 0 constituting 


the exceptional curve in X n+ \ can be inferred from (4.16) and the coordinates (4.17) of 


the rational points. For example, at the original conifold locus u — f u — V\ — v 2 — 0 in 


(4.6) the hrst and second equation in (4.16) are trivial so that (/ 1? l 2 ) and (mi, m 2 ) remain 
unconstrained. The third equation, that is of degree (1,1) determines a diagonal P 1 in 
Fo replacing the singularity. By ( 4. 17| ) we see that it is wrapped by P, whose coordinates 
are ill-defined as A i2 = f u { 0, —cq, b\) = 0. 

We conclude the discussion of the resolution by noting that by Theorem 4.1 in [53] 


the complete intersection (4.13) is equivalent to 


l\u - l 2 Vi = 0 , miVk - m 2 l 2 = 0 , mif u + lim 2 Vj = 0 , k ^ i,j 


(4.18) 


This describes two blow-ups, one at u = ry = 0, which is precisely the location of one 
rational point in X n+ \, and another at — l 2 — 0, which is exactly the proper transform 


of a second rational point. The latter statement is clear since the hrst constraint in (4.13) 


implies that the set {l 2 = Vk = 0} is equivalent to {u = Vk = 0} (except when Vk = Vi = 0 
or Vk = vj = 0 and f u \ u=Vk=0 = 0, where l 2 is unconstrained as we are at one conifold 


singularity in (4.6)). Thus, we see that the resolution (4.13) is nothing but an equivalent 


description of the blow-up at two rational points in X n+i given in (4.18) 


4.2 The matter spectrum 


In this section, we proceed to investigate the codimension two fibers in the resolution 
X n+ \ constructed above. The charges of the hypermultiplets related to the isolated curves 
of the I 2 fibers are calculated in general from the intersection with the Shioda map of 
the sections, <t(sq ) and cr(s^), as [551 14] 

91,2 = c ■ ct(sq )R ) = c ■ (Sq,r - Sp ), (4.19) 


where Sp^q^r denotes the divisor class of the section sp^q^r, respectively. We employ this 
formula and the particular resolution phase in (4.16) to compute the charged matter 
spectrum of the F-theory compactihcatiou on A ri+1 . 
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4.2.1 General model 


We begin by analyzing the resolution X n+1 of the elliptic fibration of the general model 
(3.4) at the nine codimension two loci in Table 4.1 In all cases, we obtain J 2 fibers, as 


discussed above, that enjoy different intersections with the rational sections sq, Sr and 
the zero section sp. The resulting matter spectrum including 6D multiplicities X( qi! g 2 ) of 
hypermultiplets with charges (gi,g 2 ) and a representation of the J 2 fibers in X n+ \ in the 
phase (4.16) is shown in Table 4.2[ The behaviour of the fiber is obtained by an alyzing 


the complete intersection presentation (4.16) for X n+1 at all loci in Table 4.1 In the 
figure, fiber components completely contained in one of the rational sections are shaded. 
We note that all fibers we find are compatible with the survey of possible I 2 fibers in [56]. 

The charges can be read off from the location of the rational sections on the fiber and 


(4.19), noting that the U(l) generators are associated with Q — P and R — P. The fiber 
component not containing the zero point P is the curve c whose charges we compute. For 

the curve c intersects twice with P and not at all 
We note that the matter spectrum is completely 


example, in the first entry in Table T2 
with Q,R, so the charges are 


- 2 ,- 2 . 

symmetric under exchange of the three points P, Q and R as expected by the symmetries 


of X n+ ] in the form (3.4). (Note that this symmetry is not manifest in Table 4.1, though 
it is still there and can be seen by a different choice of generators of the respective ideals.) 


The representation content in Table 422 can be conveniently summarized by drawing 
the charge lattice of the theory. Since a 6D hypermultiplet contains fields both in a 
representation and its complex conjugate, we draw all the charges in Table |4.2| including 
their negative, yielding precisely the charge lattice that was depicted in Figure [4] Thus, 
all the generic models have spectra that appear compatible with a Higgsed SU(2) x 
SU(2) x SU(3) model, with symmetric SU(3) matter included; we see in the following 
section how this works in detail. 


The multiplicities of the matter representations in Table 4.2 are given by the number 
of points in the base B n supporting a given I 2 fiber in X n+l . The multiplicities of the 
hypermultiplets in the first three lines of Table |4~2] readily follow from Table |4. 1| and the 


line bundles in (3.17). The multiplicities in the fourth to sixth lines are computed from 


Table [4T] starting with the corresponding reducible complete intersection and subtracting 
the respective irreducible component a % = bi = 0 which is contained in it with the 
appropriate multiplicity, that is calculated to be two using the resultant (see [9] for more 
details on this method). For example, for the matter with charge (—2, —1), we compute 
the resultant of A 12 and s 3 b'f — s e aibi + s 8 al w.r.t. a\. It has a factor of bf, indicating 
that ai = 61 = 0 is a zero of order two as claimed. Thus we obtain 

X(- 2 ,-i) = (2[ai] + [sg]) ■ ([ai] + [a 2 ] + [sg] — [A^ 1 ]) — 2x( 2j2 ) , (4.20) 

£(- 1 ,- 2 ) = (2[d 3 ] + [sg]) ■ ([di] + [d 3 ] + [sg] — [A^ 1 ]) — 2x( 0 ,2) , (4-21) 

£(- 1 , 1 ) = (2[d 2 ] + [sg]) • ([d 2 ] + [d 3 ] + [sg] — [A^ 1 ]) — 2x( 2 ,o) , (4.22) 


which precisely reproduces the fourth to sixth line of Table 4.2 employing (3.17) 
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Multiplicity 


£(-2,-2) = M • (M + [ss] + K b ) 



^( 2 , 0 ) — [02] ' ([02] + [-Ss] + Ke 



^(0,2) — [03] • ([a 3 ] + [s 8 ] + Ki 



^(-2,-1) — [ss] ' ([ss] + [ai] + [02] + Kb) + 2[ai] ■ [0,2] 


^(-1,-2) — [^s] ' ([^s] + [ a i] + [03] + K b ) + 2 [ai] • [a 3 ] 





^(-1,1) — [ss] ' ([^s] + [02] + [03] + Kb) + 2(02] • [a 3 ] 


^(1,1) = ~K b ■ ( 16 [ai] + 9 [s 8 ]) - 4 [«i] • ([ai] + [a 2 ]) 
+2[a 3 ] • ([02] — 2[ai]) — (8[ai] + [02] + [o 3 ]) • [ss] — 3 [s 8 ]^ 


x (i,o) — K b ■ ( 16 [a 2 ] + 9 [s 8 ]) — 4 [a 2 ] • ([a 2 ] + [03]) 
+ 2 [ai] • ([a 3 ] — 2 [a 2 ]) — ([ai] + 8[a 2 ] + [a 3 ]) • [s 8 ] — 3 [s 8 ]" 


%(o,i) = ~Kb ■ ( 16 [a 3 ] + 9 [s 8 ]) - 4 [a 3 ] • ([a 2 ] + [a 3 ]) 
+2[ai] • ([a 2 ] — 2[a 3 ]) — ([ai] + [a 2 ] + 8[a 3 ]) • [s 8 ] — 3 [s 8 ]^ 



Table 4 . 2 : Matter spectrum and corresponding J 2 -fibers in X 


1 




For the computation of the multiplicity £( 1 , 1 ) of the hypermultiplets with charges 
(1,1), we instead use the ideal (4.19) in [9], that is (g' g , 5g§), with the coefficients s, —>■ s* 


according to (3.13 )|j We calculate by subtracting unwanted irreducible components 
with their appropriate multiplicities. These are computed using the resultant as outlined 
before. Due to computational limitations we have to use random numbers for those 
coefficients s t , dj, bj which are not the variables on which the resultant depends. We 
obtain 

£(i,i) = {[%} ■ [6g6])a->5 - 2z ( 2,0) - 8 x ( _ 2 ,_i) - 4x ( _i _ 2 ) - 20 x ( _ 2 ,_ 2 ) , (4.23) 

= ([a^cigSg]) • ([a^Ml]) ~ 2x (2,o) ~ 8 x ( _ 2 _i) - 4z ( _ 1 _ 2 ) - 20x^ 2 _ 2 ), 


which yields precisely line seven in Table 4.2 using (3.17). 

Finally, the multiplicities of the hypermultiplets with charges (1, 0) and (0,1) are 
calculated from the ideals in the last two lines of Table 4.2 after subtracting, with the 
right degrees, the components corresponding to the other charged hypermultiplets. The 
multiplicities of the hypermultiplets with charges ( 1 , 0 ) and ( 0 , 1 ) are 

£(i,o) = [y Q \-[zQf+3x 2 Q \-l 6 x( 2 ,o)- 16 a; ( _ 2 ,_i)-a; ( _i_ 2 )- 16 a;(_ 2 ,_ 2 )-a;(_i,i)—X(i,i) (4.24) 
and 

£(o,i) = [yFt\-[z%f+ 3z^]— Z(_2-i)— 16z(o )2 )-16£(_i _ 2 ) — 16 z(_ 2 - 2 )-£(-i,i)-£(i,i), (4.25) 
where the latter can also be obtained from x^o) using the symmetry Q -H- R, as expected. 


Employing (3.17), we obtain the last two lines of Table 4.2 


We conclude by discussing anomaly cancellation in 6 D. Using the charges and their 
respective multiplicities in Table 4.2, we proceed to calculate the anomalies of the Abelian 
theory following [36, [37] (we omit the details of this calculation). The only piece of 
information missing are the coefficients b mn of the Green-Schwarz counterterms. They 
are calculated by the Neron-Tate height pairing as 


bmn ^(^(^m) ' 0"(®n)) 


(4.26) 


where a is the Shioda map which maps sections to elements in H^ 1 ,l \X n+l ) [571 55]. 0], 
and the map 7 r is the projection operator to homology of the base. The Shioda 

map for a section s m with divisor class S m reads explicitly 


cr(s m ) = S m — S P - [Jig 1 ] - n(S m ■ S P ), 

thus, the Green-Schwarz counterterms are 

/ 2(tt(, Sq-S p )-K b ) 7 t(Sq ■ S P + S R • S P - S Q • S R ) - K R 

° mn U (S Q ■ Sp + S r -Sp-S q ■ S R ) - K b 2(t t{S r • S P ) - K B ) 


(4.27) 


(4.28) 


3 It is advantageous to use this ideal because it already has some components subtracted. 
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The divisor classes n(S m -S n ) are precisely the classes of the respective constraint in (3.6), 
which are just the classes of A ?J - defined in (4.1). Using (3.17), we obtain the following 
Neron-Tate height pairing matrix: 


i _ ( 2 ([°i] + [^2] + [ss]) 2[ai] + [s 8 ] \ 

\ 2[ai] + [s 8 ] 2([ai] + [03] + [s 8 ]) J 

Finally, using the full spectrum and the coefficients b mn , we confirm that all anomalies 
are canceled by a generalized Green-Schwarz mechanism in 6D (refer e.g. to [36J, [37J for 
a review on Abelian anomalies). 



4.2.2 Specialized model 


Next, we turn to the specialized model defined by (3.8). Its / 2 fibers and spectrum of 
charged matter fields are obtained directly from Table 4.1 and Table 4.2, respectively, by 
setting a 1 — 1, bi — 0. We obtain the results summarized in Table |4~3| We note that the 


Charges 

Multiplicity 

( 2 . 0 ) 

£(2,0) — [02] ' ([02] + [s 8 ] + Kb) 

( 0 , 2 ) 

£(0,2) = [03] • (M + [ss] + K b ) 

(- 2 .- 1 ) 

x (- 2 ,-l) = [s 8 ] • ([02] + [s 8 ] + Kb) 

(- 1 .- 2 ) 

^(-1,-2) = [ 8 S ] ■ ([03] + [s 8 ] + K b ) 

(- 1 , 1 ) 

£(-1,1) — [ s 8] • ([03] + [ s 8] + K b ) + [02] • (2[03] + [s 8 ]) 

(U) 

£(1,1) — — 9 Kb • [s 8 ] + 2[02] ' [03] 

-(N + [03]) • [s»] - 3 [s 8 ] 2 

( 1 . 0 ) 

£(1,0) = ~K b ■ ( 16 [a 2 ] + 9 [s s ]) - 4 [a 2 ] • ([a 2 ] + [a 3 ]) 

— ( 8 [a 2 ] + N) • [s 8 ] - 3 [s 8 ] 2 

( 0 . 1 ) 

£(0,1) = —Xb • (16(03] + 9 [s 8 ]) — 4(03] ■ ([a 2 ] + [03]) 

— ([02] + 8(03]) ■ [s 8 ] — 3 [s 8 ] 2 


Table 4.3: Matter spectrum of the simplified model X n+ \ with a\ —1 and b\ = 0. 


matter fields with charge (—2, —2) in Table 


4.2 are not present due to [ai] = 0. Again, 


we can summarize the spectrum in Table T3 by drawing the charge lattice of the theory, 
giving the spectrum shown in Figure [3j corresponding to a Higgsed SU(2) x SU(2) x SU(3) 
model without symmetric SU(3) matter. 


Anomaly cancellation can be readily checked using the spectrum in Table 4.3 and 
using the anomaly coefficients b mn in (4.28) for [ai] = 0. 
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4.3 Comparison with matter in cEPo-elliptic fibrations 


We conclude by continuing the discussion of Section |3.4| on the connection between the 
models X n+ \ and dP 2 -elliptic fibrations, now at the level of the matter spectrum. 


First, we recall that a\ and 62 have to be non-vanishing constants in a dP 2 -elliptic 
hbration. Thus, the representations with charges (2,0), (—2, —1) and (—2, —2) in Table 


Sq and sp, which, however, is impossible for an elliptic fiber in dP- 2 - Drawing all the 
charges in a two-dimensional lattice yields Figure [TJ A quick glance at this picture makes 
it clear why a complete unHiggsing of the dP 2 - m odel to the gauge groups SU(2) x SU(2) 
and SU(3) with more than one adjoint is not feasible: the representations ±(2,0) and 
±(2,1), which come from the SU(2) or SU(3) adjoints, respectively, are not present. 


4.2 are not realized. These are the representations related to the collision of the sections 


<§> 


Figure 7: Weight lattice of charges of the U(l)xU(l) theory obtained from dP 2 -clliptic 
fibrations. The origin of the lattice is indicated by a circle. 


As mentioned in section 34, there are (PVmodels which are not accessible from 
specializations of X n+ i, as the effectiveness constraints in the latter models are more 
constraining than in the former. To see this, let us set the classes [ai] = 0 and [& 2 ] = 0 
in ( |3.19 ). Once these constraints are imposed, the effectiveness condition [ 61 ] > 0 and 
[a 2 ] > 0 automatically forces the constraints [s 8 ] = — Kb, [a 2 ] = 0 and [ 61 ] = 0 , restricting 
the set of possible models to a one-parameter family parametrized by the degree of [a 3 ]. 
However, it has been shown in [9, dOi EEL, . 12 ] that a dP 2 -elliptic hbration is parametrized 
by two divisor classes. Thus, we only obtain a subset of models by specializing X n+l . 
These models, however, admit unHiggsings to SU(3) x SU(2) on s 8 = 0 and a 3 = 0, 
respectively, along the lines of Section [5] 


More concretely, specific examples of dP 2 -hbrations over P 2 and P 3 were listed in 
Figure 2 in [10] and Table 2.3 in [11]. In those cases it was shown that the complex 
structure moduli space is stratified, with integral points in a two-dimensional polygon 
corresponding to the different strata. Let us compare the models obtained from X n+ i 
through the specialization [aq] = 0 and [ 6 2 ] = 0 , with the models obtained from dP 2 - 
hbrations over P 2 . Imposing these specializations in the Calabi-Yau manifolds X n+ \, we 
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obtain only five different models labelled by the different values of [a 3 ]: 


N 

h] 

b 2 

63 

Sl 

s 2 

s 3 

S5 

s 6 

s 8 

0 

0 

0 

0 

9 

6 

3 

6 

3 

3 

0 

1 

0 

1 

7 

5 

3 

5 

3 

3 

0 

2 

0 

2 

5 

4 

3 

4 

3 

3 

0 

3 

0 

3 

3 

3 

3 

3 

3 

3 

0 

4 

0 

4 

1 

2 

3 

2 

3 

3 


(4.30) 


In contrast, there are 31 cHVelliptic fibrations over P 2 . We can draw all the models 
in a two-dimensional diagram, with axes given by the values of n a3 and n & 3 where we 
expanded [a 3 ] := n a3 H B and [& 3 ] = Ub 3 H B with H B the hyperplane in P 2 j^] We obtain 
Figure [8j As indicated here, only the subset of models on the diagonal is described by 
models X n+ \ with [ai] = [ 62 ] = 0. 



Figure 8: Region of allowed dP 2 fibrations over P 2 . The set of models obtainable by 
specializing (3.4) is given by the five encircled points. 


5 UnHigssing two U(l)’s in F-theory 


In this section, we discuss the unHiggsing of Abelian to non-Abelian gauge symmetries 
for the case of two U(l) factors. We distinguish between rank-preserving unHiggsings to 
non-Abelian groups with adjoints and unHiggsing with rank enhancement to non-Abelian 
groups that do not necessarily have adjoints. In the latter case, there are situations when 
the additional non-Abelian groups are spectators to a rank-preserving unHiggsing of the 
U(l)’s and other situations when the additional groups are involved in the unHiggsing of 
the Abelian theory. 


We first discuss the general geometrical unHiggsing procedure in Section 5.1 Then 


we apply this to the particular case of our Abelian model X n+ i in Sections 5.2 5.3 and 


10 The parameters S7 and s 9 in mm are identified with a 3 , 63 in X n+ i, respectively. 
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5.6| and discover an unHiggsing to a model with SU(2)xSU(2)xSU(3) gauge group and 
no U(l)’s. In Section 5.4 we analyze its Weierstrass form which we use in Section 4.2 
to derive the full matter spectrum. We put special emphasis on the emergence of the 


symmetric representation 6 of SU(3). In Section 5.7 we relate the appearance of this 
new matter representation to an ordinary double point singularity on the SU(3) divisor 
which can not be deformed, 


5.1 UnHiggsing in the complex structure moduli space 

We begin with a discussion of the general geometrical procedure underlying the unHiggs¬ 
ing of a U(l) gauge symmetry in F-theory. We put special emphasis on rank-preserving 
unHiggsings because they have a clear geometric interpretation as a transition of a ra¬ 
tional section to a Cartan divisor. 

The unHiggsing process of an F-theory compactihcation with U(l) fc gauge symmetry 

(k) 

can be understood geometrically as a transition from one Calabi-Yau manifold with 
a rank k MW-group to another Calabi-Yau manifold X\ +1 with a lower rank MW-group, 
k' < k. The manifold X^ + \ is reached via a tuning of the complex structure of X^+i 
so that two rational sections are placed on top of each other, i.e. define maps from the 
base B n to the same point in the elliptic fiber £. In this process certain codimension 
two singularities, typically of Kodaira type J 2 , that the hbration of X ( r ^ x exhibits as a 
consequence of thepresence of U(l)’s and that give rise to U(l)-charged matter in F- 
theory (c/. Section 4| are promoted to codimension one singularities of X^ + ^\ Repeating 
such tunings of the complex structure until all sections are placed on top of each other 
we eventually obtain a Calabi-Yau manifold X^j _, with trivial MW-group, i.e. no abelian 
gauge group factors. 

The structure of the codimension one singularities of the elliptic hbration of X^^ 
encodes the original Abelian gauge theory of F-theory on X^_ x in terms of a non-Abelian 
gauge theory with gauge group G and a specific matter spectrum. The case of a single 
U(l) has been analyzed in [14] and is reviewed in Section |2T It has been shown that 
every model with a U(l) can be unHiggsed to a model with SU(2) or larger non-Abelian 
gauge group, although in some cases, particularly when there are additional non-Abelian 
factors present before the unHiggsing, the unHiggsed model can develop singularities. 
UnHiggsing of toric models with up to three U(l)’s to (SU(2) 2 xSU(4))/Z 2 and SU(3) 3 /Z 3 
have been found in [52] , In general, one naturally expects that the minimal rank of the 
gauge group G is at least k , so that by Higgsing e.g. via adjoints we can recover the full 
Abelian gauge group U(l) fc . However, for some abelian theories the rank of G has to be 
larger depending on the matter spectrum of the original Abelian theory. Theories with 
a sufficiently simple spectrum unHiggs to a group G of rank k , where the Higgs is in 
the adjoint, whereas theories with a more complex spectrum including matter of higher 
charges require G of rank greater than k and Higgses in other representations, e.g. the 
(b i-) fundament al. 
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The preceding discussion is general and thus should apply to elliptic fibrations with 
an arbitrary number of rational sections. For the rest of this section, however, we work 


explicitly in the specific context of the three section fibration X n+ \ defined by (3.4), 


( 2 ) 

i.e. we identify = X n+ i. We establish the following picture for unHiggsing F- 

theory models with U(l) 2 gauge symmetry obtained from these general elliptic fibrations 
X n+ \. In agreement with the expectation from field theory, cf. Section [2j we demonstrate 
that, indeed, for sufficiently simple Abelian models the minimal rank of G is k = 2. This 
leads to two natural classes of models that admit a rank-preserving unHiggsing of U(l) 2 
either to SU(2) x SU(2) or to SU(3) on base divisors supporting adjoints, i.e. divisors 
in classes of the form —K B + Z for an effective divisor Z in B n . There are, however, 
many models with U(l) 2 gauge group that due to the complexity of their matter spectrum 
require the introduction of additional non-Abelian groups in the unHiggsed geometry; the 
resulting non-Abelian models, typically have rank-reducing Higgses in (bi-)fundamental 
representations. 

We demonstrate furthermore, in accord with the discussion of Section [2j that the non- 

Abelian gauge symmetry underlying a large class of models with U(l) 2 gauge symmetry 
( 2 ) 

realized via XX , via a complete unHiggsing is given by 


G uni = SU(2) x SU(2) x SU(3). 


(5.1) 


The minimal non-Abelian gauge group can be even larger, as in the case of a single 
U(l), in degenerate cases where the non-Abelian factors can be thought of as living on 
reducible divisors. We also show that in some cases the unHiggsing is not unique and 
multiple different gauge groups G can be obtained, some of which can exceed G uni even 
if others do not. 


5.2 Geometrical unHiggsing of one of the U(l)’s 

Following the discussion of the previous subsection, we wish to unHiggs the U(l) 2 gauge 
group of F-theory compactified on X n+ i by reducing its Mordell-Weil group through an 
appropriate tuning of its complex structure. 


Given the elliptically fibered CY-manifold X n+] in the form (3.4), we recall that two 


of its rational sections coincide if the coefficients cq, b l are chosen so that one of the 


constraints in the first line of (3.6) is obeyed. For instance, in order to achieve Sp = Sq 
we have to demand P — Q in the elliptic fiber £ as shown in Figure [9} This is achieved 
by choosing the complex structure of X n+1 such that 


Ai 2 — 0 ' 1&2 — u 2^1 = 0 , 


(5.2) 


where we have used the definition (4.1) 


There are a number of ways in which (5.2) may be realized. We list some of the main 
possibilities: 


A) One simple way in which (5.2) may be satisfied is if the divisor class [ 02 ] — [«i] is 


36 









Figure 9: Tuned elliptic curve £ with P = Q yielding an elliptic fibration with rank one 
Mordcll-Weil group. 


effective. In this case, we can introduce a section Ai of the line bundle 

Ai G 0([a 2 ] — [ai]), 


and impose the condition 


(a- 2 v + b- 2 w ) = Ai(aiu + b x w ) 


(5.3) 


(5.4) 


We then have a 2 = Aiai ,& 2 = A 161 and (5.2) is satisfied. This possibility is available in 


many of the simplest cases, such as when [ai] = 0 (then we can also shift v so that 61 = 0 ; 
the solution to (5.2) is then 62 = 0 ), or for example on the base P 2 , where all divisors are 


multiples of the line Hb so we can simply order [a 2 ] > [ai]. As we show explicitly in the 
next section, this choice of tuning leads to an unHiggsing of the U(l) associated to Sq 
to a non-Abelian group SU(2)xSU(2). This leads directly to a general unHiggsing of the 
two U(l) model that matches nicely with the field-theoretic discussion of (|2] 

B) In some situations, neither [a 2 ] — [ai] or [ai] — [a 2 ] is effective, but the ring of func¬ 


tions/sections is a UFD, so that we can solve (5.2) by taking 


a\ = AB, b 2 = CD, a 2 = AC, b 3 = BD. 


(5.5) 


In this situation we again get an unHiggsing of one U(l) to SU(2)xSU(2), on the divisors 
B, C. We do not explore the details of this unHiggsing here. 


C) Even if the ring is not a UFD, there can be situations where ( |5.2[ ) can again be 
solved for nonzero functions ai,a 2 ,b\,b 2 . This unHiggsing gives only a single SU(2) on 


f u ( 0, — bi,ai) = 0 with f u defined in (4.5). 


D) Finally, there are situations where there are no solutions of (5.2) for ai,a 2 ,bi,b 2 all 
nonzero. For example, if the base is dP 3 , where the cone of effective curves is generated 
by three exceptional curves E\,E 2 , E 3 from blowing up three points on P 2 , and three lines 
L 12 , L 2 3 , Ti 3 that connect the points, we may have [ai] = E\, [b- 2 ] = Li 2 , [a 2 ] = L 23 , [ 61 ] = 
E 3 . In this case even though the divisor classes are equivalent, [cq&J = [a 2 fei], there is no 


way to solve (5.2), since e.g. a 3 must vanish on the rigid curve E 3 , but a 2 ,b 3 cannot. 
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Even in this type of situation, however, there is a solution of (5.2), which is in fact 
available for all possible bases and choices of [a*], [&*]. We can set e.g. b 2 = &i = 0, which 
immediately leads to a solution of (5.2). While this tuning can be carried out in any 
of the possible U(l) 2 models, even when the tuning of type (A) above is not available, 
we can relate this to a special case of the tuning (A) by taking the tuning in two steps. 
First, we can tune &i = 0. This sets V\ = a±v, so that the equation 


ufu = a 1 vv 2 v 3 


(5.6) 


develops an I 2 singularity on the locus cq = 0. We may then, however, move the factor of 
ai into v 2 , defining a new model with a 2 = cqa 2 , b 2 = a\b 2 and hi = 1. This then becomes 
a special case of a geometry where (A) is available, since hi = 1, though the UnHiggsing 
through (A) leads to an extra SU(2) factor since a 2 is a reducible polynomial. 


In the remainder of this section we focus on approach (A) to unHiggsing, since not 
only is it relevant in the clearest and simplest cases, but through the mechanism just 
mentioned it also covers the completely general case (D), albeit at the cost of producing 
an additional SU(2) factor due to reduciblity of a 2 . 


5.3 Unhiggsing both U(l)’s 


We now describe the process of unHiggsing both U(l) factors in a situation where ap¬ 
proach (A) can be done in both cases. This is the situation, for example, on the base P 2 , 
or if one of the a* is in the trivial class [cp] = 0. More generally, it is possible to do this 
whenever [a 2 ] — [«i] and [a 3 ] — [ai] are both effective. In a general situation where a direct 
application of (A) is not possible in both cases, as discussed above we can unHiggs by 
first setting b\ = 0 and then considering two applications of (A), using the redefinitions 

a] = 1, a 2 = a\a 2 (5.7) 


where a 2 is a reducible divisor. In the discussion here we assume that the direct ap¬ 
plication of (A) can proceed in both cases; other situations such as those where only 
the unHiggsing approach (D) is available are special cases where one of the divisors a* 
becomes degenerate. 


As discussed above, we begin by solving (5.2) by setting v 2 
the CY-equation (3.4) for X n+ \ we obtain 


AiUi. Plugging this into 


P = uf u (u,v,w ) + Ai(aiv + biw) 2 (a 3 v + b 3 w ), 


(5.8) 


where the polynomial f u is defined in ( |4.5 ). 

Clearly, this tuned elliptic fibration is singular at codimension one. We immediately 
observe the I 2 fiber uf u = 0, corresponding to an SU(2) gauge group in F-theory, at the 
divisor Ai = 0 in B n , which we simply denote by Ai. It is in the class 


SU(2) : [Ai] = [a 2 \ - [m]. 


(5.9) 
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This I 2 fiber is already resolved in the P 2 model (3.4). In addition, (5.8) is the equation 
of an (unresolved) A \-singularity at u — f u — a^v + b\w = 0, i.e. a Kodaira singularity 
of type J 2 , corresponding to another SU(2) gauge group in F-theory. It is localized along 
the codimension one locus in B n given by 


t := s 3 b\ — SQCiibi + s$al = 0 , 


(5.10) 


which is simply f u ( 0, —b\, Gp) = 0. Denoting the divisor t = 0 by abuse of notation by t 
we note that its divisor class is 


SU(2) : [t] — [ss] + 2[ai] — —Kb + [oi] + [&i], 


(5.11) 


where we used (3.17). We emphasize, that the divisor t has an ordinary double point 
singularity at a\ — b\ — 0 that can give rise, as we will see below, to symmetric matter 
representations in an F-theory model. 

Thus, in summary we have found the following F-theory gauge group for the tuned 
model where we have unHiggsed the first U(l) associated to sq\ 


G = SU(2) x SU( 2 ) x U(l) 


(5.12) 


We note that the U(l) associated to the section s R remains. Thus, we denote the tuned 
geometry (5.8) by indicating the rank of its remaining MW-group. 

The complete unHiggsing of the theory is achieved by tuning the complex structure 
of further so that the rational point R is placed on top of the points P — Q in the 
fiber £. To this end, we have to impose according to (3.6) 

Ai 3 = ai & 3 - a 3 &i = 0 , (5.13) 


where we again used the definition (|4.1|). Assuming again that we can apply procedure 

(5.14) 


(A), where [ 03 ] — [ai] is effective, we take 

a 3 v + b 3 w = X 2 (aiv + b±w ), 


so that (3.4) reduces to 

p = uf u (u, v , w) + AiA 2 (aiU + ^w) 3 . (5.15) 

As before, we denote the divisor A 2 = 0 simply by A 2 . The line bundles associated to the 
sections Ai, cf. (5.3), and A 2 in summary read 

Ai G C?([a 2 ] — [ai]) A 2 G ^([ 03 ] — [ai]) • (5.16) 

The tuned model has trivial MW-group and is denoted by X^_ v Its elliptic fibration 
has Kodaira fibers of type I 2 of the form uf u = 0 at the two codimension one loci Ai = 0 
and A 2 = 0 in B n . In addition, the J 2 -singularity of (5.8) on the divisor t — 0 in (5.11) is 
enhanced to an J 3 singularity since (5.15) has an A 2 -singularity at u — f u — aiv+b\W = 0. 
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We will show later in Section 5.7 that this is an /^-singularity, yielding an SU(3) gauge 
group in F-theory. We note that the presence of the ordinary double point singularity on 
t will be crucial. In summary, the divisors of all three codimension one singularities are 


SU(2) : [A,] = [a 2 ] - M , 

SU(2) : [A 2 ] = [a 3 ] - [a x ] , 

SU(3) : [t] = [s 8 ] + 2[a 1 ]. 

In summary, the total gauge group of the unHiggsed theory is 

G uni = SU(2) x SU(2) x SU(3). 


( 5 . 17 ) 


( 5 . 18 ) 


We see that, indeed, all abelian factors have been enhanced to a non-Abelian gauge 
symmetry. We emphasize that this is the generic maximal gauge group that can be 


present after imposing the tunings (5.2) and (5.13), modulo the possibility that one or 


more of the divisors Ai, A 2 , t may be reducible as mentioned at the end of Section 5.2 For 
a particular gauge group factor in G uni to be actually present in a given model requires 
that the corresponding divisor class in ( 5.17[ ) is non-trivial. Clearly, this depends on the 
choices of divisor classes [ai], i = 1,2,3, and [s 8 ] in (3.17) entering the definition of the 
CY-manifold X n+1 . Furthermore, the particular embedding of the two U(l)-factors of 
F-theory on X n+ \ into G un i depends on this choice as well. We will analyze the different 
cases in the following section, starting with the simplest cases where the two U(l)’s are 
embedded as the Cartan generators of SU(2) x SU(2) or SU(3), before we focus on more 
complicated cases, where the U(l)’s can also be embedded into a linear combination of 
Cartan generators of different group factors in G un j. 


The specialized model 


Before continuing with the discussion of the details of the unHiggsed model let us 


pause by analyzing the important specialized model (3.8) with a\ — 1 and b i = 0 in some 


detail. The tunings (5.2) and (5.13) of the general model simplify in this case to 


yielding the elliptic curve 


bo — bo — 0 


P = uf u {u,v,w ) + a 2 a 3 v 3 


(5.19) 


(5.20) 


Clearly, this is identical to (5.15) with Ai = a 2 , A 2 = a 3 (and a\ — 1, b\ — 0) in the 
above discussion. Note that for any model X n+] , there is a tuning of this type where we 


have fixed b\ — 0 and performed the field redehnitions (5.7). The gauge group of the low 


energy effective theory is again SU(2)xSU(2)xSU(3) supported on the following divisors 


SU(2) : [a 2 ] , SU(2) : [a 3 ] , SU(3) : [t] = [s 8 ] , 

where used that t in (5.10[) reduces to s 8 in the limit a 3 — 1, bi — 0. 


( 5 . 21 ) 
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5.4 Weierstrass model from unHiggsing the general U(l) 2 model 

We obtain the Weierstrass form of the Calabi-Yau manifold A 7 ^ 0 ^ of the unHiggsed theory 


by inserting the tunings (5.4) and (5.14) into the general Weierstrass form of X n+ \ in 
Appendix [A} It reads 


U 2 — x 3 + —A (sg — 4 s 3 Sg) + (ai (s2S§ — + bi (S3S5 — |s2Se)) A^t 


xz 


+ 


gM ( s 6 — 4s 3 s 8 ) — J 2 ( s 6 — 4s 3 s 8 ) (ai (s 2 s 8 — |s 5 s 6 ) + b\ (s 3 s 5 — ^Se)) AiA 2 £ 


+ (| (^i s 2 — a iS 5) 2 — Sit) Af Alt*"] z 6 , 


(5.22) 


where we recall the definitions of the variables Ai, A 2 and t in (5.8), (5.14) and (5.10), 
respectively. 

We note that / and g do not vanish at any common codimension one locus, while the 
discriminant vanishes to order two and three at Ai = 0 , A 2 = 0 and t = 0 , respectively, 
indicating two J 2 and one 1 3 singularities. This can be seen by computing A = 4 / 3 + 27g 2 


for the WSF (5.22) and reducing modulo (5.10), 


A = XfX^t A , 

where A' denotes the I\ locus of the discriminant. 


(5.23) 


The Weierstrass model (5.22) matches precisely the general form (B.l) of a Weierstrass 
model with two J 2 singularities at Ai = 0 , A 2 = 0 and the leading Tate coefficients 
a, = (AiA 2 ) fc a- fc ' ) of the form 


n {0) - o 
a l — s 6 


(0) 

a 2 — — S3 S 8 


,(!)_ 


— {b\S2—a,\S§)t , c4 *— (bi(ssS^—S2SQ)+aiS2Ss)t, 


.( 2 ) 


Thus, we confirm the presence of the gauge algebra su(2) © su(2). 


= —Sit 3 , 

(5.24) 


Clearly, the Tate coefficients (5.24) do not have the correct orders of vanishing at 
t — 0, namely (0,1,1,2, 3), required for an singularity in Tate’s algorithm [58] In 
addition, the leading terms of the t-expansion of both / and g in the Weierstrass form 


(5.22) deviate from that of a standard 7| singularity at t = 0 given in (B.ll). This 


naively seems to imply that there is a monodromy acting on the fiber so that we have 
/ 3 s singularity at t — 0, corresponding to an su(2) gauge algebra. However, due to 


an 


the singularity structure of the divisor t — 0 and the subtle link to the form of /, g, the 
singularity is indeed an corresponding to an su(3) gauge algebra. We will elaborate 


on this further in Section 5.7. We just emphasize here that even for factoring out t 3 


m 


A we had to exploit the special form of t in terms of the sections Sj, ai and b\ given in 


(5.10). In fact, if we had just used the general form (5.22) of the Weierstrass model for 


generic t we would have obtained only an order two vanishing of A at t — 0. 
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The specialized model 


We obtain the Weierstrass form of the unHiggsed specialized model in (3.8) directly from 


the general Weierstrass model ( |5.22 ) by setting a\ — 1, b\ — 0. In this case, we have 

), (|5.14[) and (5.10), yielding the Weierstrass form 


Ai = a 2 , A 2 = a 3 and t = s 8 , cf. 
y 2 = ^ 3 + {sl~ 4:S 3 t) 2 + (s 2 t - ^s 5 s 6 ) a 2 a 3 t 


xz 


(5.25) 


+ 


sk ( s 6 - 4s 3^) - Y2 ( s 6 - 4 s 3^) (s 2 t - 4 s 5 s 6 ) a 2 a 3 t + Qs§ - Sit)a 2 2 alt 2 


We emphasize that (5.25) is simultaneously of the general Weierstrass forms (B.19) 


with two /^singularities at a 2 = 0 and a 3 = 0 and one /^-singularity at t — 0. The 
leading Tate coefficients a, = a[ k ’ l ' > t k (XiX 2 Y are 


( 0 , 0 ) 

a) = s 6 , 


( 1 , 0 ) 

a 2 = -S3, 




= -s 5 , 


( 2 , 1 ) 

CI4 = S 2 , 


( 3 , 2 ) 

=Sl, 


(5.26) 


This conhrms the presence of an su(2) ©su(2) ©su(3) gauge algebra as claimed in (5.18). 
This also ensures that the unHiggsed model obtained by tuning the complex struc¬ 
ture of A n+1 reproduces all models with su(2) © su(2) © su(3) gauge algebra where the 
gauge factors are tuned on smooth divisors, including the special cases where only an 
su(2) © su(2) or su(3) gauge algebra are realized, as we will demonstrate in more detail 


in Sections 6.1, 6.21 and 6.3 


5.5 The matter spectrum 


We proceed with the determination of the charged matter spectrum of F-theory on the 


Calabi-Yau manifold X, 


(0) 


n- 1-1' 


The following analysis is based on the Weierstrass models 


(5.22) for the general and (5.25) for the specialized model. 


Clearly, we have bi-fundamental matter at the mutual intersections of Ai, A 2 and t. 
The respective multiplicities are given as the product of the degrees of the two sections 
that vanish at the relevant intersection loci. In addition, there is fundamental matter 
under each factor of the gauge group in (5.18). The multiplicity of the fundamental 


matter of the two SU(2)’s is computed analogous to the multiplicities in (B.9), taking 


into account that the class of A' in (5.23) is changed to 


[A'] = -12 K b - 2[AJ - 2[A 2 ] - 3[f], 


(5.27) 


which follows as [A] = —12AT- In addition, we have to subtract the order two loci 
4s 3 s 8 — s| = Ai = 0 and 4s 3 s 8 — Sg = A 2 = 0, respectively, that support singularities of 
type III which do not yield additional matter representations. 

The calculation of the multiplicity of the representation 3 of the the SU(3) is per¬ 
formed as follows. We find that t — A' = 0 has two minimal associated prime ideals, one 
of which given by 

p = {sg/i - 2s 8 ai, 2s 3 &! - s 6 ai, Sg - 4s 3 si} . (5.28) 
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Representation 

Multiplicity 

(1,1,6) 

£( 1 , 1 , 6 ) = K] •([*]+ K b - [04]) 

(2.2,1) 

£(2,2,1) = [Al] • [A2] 

( 2 , 1 , 3 ) 

£( 2 , 1 , 3 ) = [Al] • [t] 

( 1 , 2 , 3 ) 

£( 1 , 2 , 3 ) = [A 2 ] ■ [t] 

(2.1.1) 

£(2,1,1) = [Ai] • (—8 K b — 2 [Ai] — 2[A 2 ] — 3 [t]) 

(1.2,1) 

£(1,2,1) = [A2] • (—8 K b — 2[Ai] — 2[A 2 ] — 3 [f]) 

( 1 , 1 , 3 ) 

£(1,1.3) — [t] • (— 9 K b — 2 [Ai] — 2 [A2] — 3 [/]) + 3 i(i,i, 6 ) 

( 3 , 1 , 1 ) 

£(3,1.1) — |[Ai] • ([Ai] + K b ) + 1 

( 1 , 3 , 1 ) 

£(1,3,1) = ^[^2] • ( [A2] + A b) + 1 

(1,1,8) 

£(1,1,8) = \\t\ ' (M + A^) + 1 — £(1,1.6) 


Table 5.1: Matter spectrum of the unHiggsed model { . The multiplicity of adjoints 
in 6 D is included for completeness. 


and the second one given by a large ideal 3 with seven generators. Along the variety 
V (fj), neither / and g vanish while A vanishes to order four, indicating an / 4 -singularity, 
which signals the presence of fundamental matter. On V(p), the sections / and g both 
vanish to order two, while A vanishes to order four, corresponding to a Kodaira fibre 
of type IV not giving rise to matter holds in F-theory. In addition, we check using the 
resultant technique of [9] that R(p) is of multiplicity three inside A'. This allows us to 
compute the class [V( 3 )], he. the contribution x' x x 3) of /^singularities to the number 
of matter fields in the representation 3. We obtain the multiplicity 


x. 


= [A'] - 3[V(p)] = [t] • (~9K b - 2[A,] - 2[A a ] - 3[t]), 

where we employed 

[V(p)] = (N - k b) ■ ([s s ] + M) - [oq] • [61] = -Kb ■ [t ], 


(5.29) 


(5.30) 


using (3.17) and the class of t in (5.11). Here, the first equality is obtained by multiplying 


the degrees of the first two generators of p, yielding the first summand, and subtracting 
the solution a\ — b\ — 0 which does not satisfy the third generator of p. 

I 11 addition, we obtain adjoints for each gauge group. In 6D these are given by the 
topological genus of the curve supporting the respective gauge group factor. For the 


two SU(2)’s, it agrees with the arithmetic genus (B.4) of the generically smooth curves 
Ai = 0 and A 2 = 0. There is one subtlety regarding the divisor t — 0. Its arithmetic 
genus is the sum of the topological genus and the number [ai] • [ 61 ] of double points. The 
matter supported at these double points p g can be either in the adjoint or symmetric 
plus anti-symmetric representations, depending on the global properties of the resolution 
As we will argue in Section 5.7, in the case at hand we have symmetries plus 
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anti-symmetries. Thus, we have a number of [ai] ■ [&i] additional matter fields in the 
representations (1,1,3) + (1,1,6). Accordingly, the number of adjoints £(1,1,8) of the 
SU(3) in 6D is given by 


2(1, 1 , 8 ) = Pg = j [<] ' ([<] + K B ) + 1 - [(!,] ■ [61 


(5.31) 


We summarize the full spectrum of the unHiggsed model (5.15) in Table 5.1 where we 


used the divisor classes of t, Ai and A 2 given in (5.17) and denote matter multiplicities 
in a representation R by xr. 

Next, we readily check that all 6D anomalies are canceled for the spectrum in Table 


5.1, see e.g. [59] for a review of 6D anomalies from an F-theory perspective. This is a 


crosscheck of the geometrical analysis of the unHiggsed model 


Finally, we observe that the matter multiplicities in Table [55] of the unHiggsed theory 
are related to those in Table |4.2| of the abelian theory. We readily obtain the following 
relations between the multiplicities of the non-Abelian and the abelian theories: 

£(- 2 ,- 2 ) =^( 1 , 1 , 6 ) , ^( 2 , 0 ) =£(2,1,3) + 2X(3,i,i) + £( 1 , 1 , 6 ) — 2 , 

^(0,2) =^(1,2,3) + 2X(1,3 I 1)+X(1,1,6) — 2 , X(_ 2 ,-l) = £(2,1,3) + 2 X(i,i,8) — 2 , 


£(-1,-2) — £(1,2,3) + 2X(1,1,8) — 2 , 


£(-1,1) — 2£(2,2,1) +£(2,1,3) +£(1,2,3) + 2£(1.1,8) — 2 , 


£(1,0) — £(1,2,3) + 2X(2,1,1) + £(1,1,3) + £(1,1,6) ) 

£(0,1) = £(2,1,3) + 2X(1,2,1) + £(1,1,3) + £(1,1,6) ) 

£(1,1) — 2X(2,2,1) + £(2,1,3) + £(1,2,3) + £(1,1,3) + £(1,1,6) ■ 


(5.32) 


Here we used (5.17) to express the divisor classes of Ai, A 2 and t in terms of the classes 


[a*] with i — 1,2,3 and [sg]- These relations have a clear interpretation if we Higgs the 
non-Abelian theory back to the abelian one defined by X n+ \ . Indeed, we can view these 
relations in terms of the Higgsing by at least two bi-fundamentals (1, 2, 3) and (2,1, 3) 
each as discussed in Section [6] Then we employ the branchings of representations in 
(2.7), (2.8), (2.9) and (2.10) to obtain the spectrum the relations (5.32). Note that we 


have to subtract 2 as two states with charges (2,1), (1,2) and (—1,1), respectively, inside 
the two bi-fundamentals are eaten up by the massive gauge bosons. Alternatively, we 


can view the relations (5.32) as encoding the combination of Higgsings on adjoints of 


SU(2)xSU(2) and at least two fundamentals of an unbroken SU(3) or adjoints of SU(3) 
and at least two fundamentals of the unbroken SU(2)xSU(2). Both point of views will 
be crucial below in Section [6] 


The specialized model 

The matter spectrum of the specialized Calabi-Yau manifold after unHiggsing as given 


in (5.20) follows directly from that of the general model in Table 5.1 by setting [ai] = 0 
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This yields the spectrum in Table 5.2, where we note that [A x ] = [a 2 ], [A 2 ] = [a 3 ] and 
[t] = [s 8 ] according to (5.17). 


Representation 

Multiplicity 

(2.2,1) 

•£(2,2.1) = [ fl 2] ' [°3] 

(2,1,3) 

•£(2,1,3) = [ 02 ] ' [8s] 

(1,2,3) 

•£(1,2,3) — [ 03 ] ' [ s 8] 

(2,1,1) 

£( 2 , 1 , 1 ) = [^ 2 ] ' {~8Kb ~ 2[a 2 ] — 2[a 3 ] — 3[s 8 ]) 

(1,2.1) 

£( 1 , 2 , 1 ) = [ 03 ] ' ( — 8 Kb — 2[a 2 ] — 2[a 3 ] — 3[s 8 ]) 

(1,1,3) 

£( 1 , 1 , 3 ) = [ss] • (-9 Kb ~ 2[a 2 ] - 2[a 3 ] - 3[s 8 ]) 

(3,1,1) 

£( 3 , 1 . 1 ) — ^[ 02 ] ' ([ 02 ] + An) + 1 

(1,3,1) 

£( 1 , 3 , 1 ) = ^[ 03 ] ' ([ 03 ] + Kb) + 1 

(1,1,8) 

£(1,1,8) — |[ s 8] ' ([ s 8] + As) + 1 


Table 5.2: Matter spectrum of the unHiggsed specialized model j. The multiplicity 
of adjoints in 6D is included for completeness. 


We emphasize that this agrees precisely with the spectrum of a general Weierstrass 
model with two / 2 and one J 3 singularity found in Appendix |B.3| This is not surprising 
since we already observed in (5.26) that the unHiggsed specialized model reproduces 


precisely the most general Weierstrass model (B.19) with these singularities. 


Comparing with the spectrum in Table |5.1[ we note that the main difference of the 
spectrum in Table 5.2 is the absence of the symmetric representation (1,1,6) of the 
SU(3). This is due to the fact that the divisor s 8 = 0 supporting the SU(3) gauge theory 
is smooth. Furthermore, the range of allowed values for [a*], i = 2, 3, and [s 8 ] is larger in 
the specialized compared to the general model, due to different effectiveness constraints. 
This yields different matter multiplicities in the unHiggsed specialized model. 


We conclude by noting that the relations (5.32) also hold for the specialized models, 


i.e. we can use 


Table [T2 to precisely reproduce the spectrum of the specialized abelian 


model in Table 4.3 As before these relations encode the possibility of Higgsing the 


non-Abelian model in different ways back to the abelian model. 


5.6 Special unHiggsings: bi —> 0 


We have discussed in Section |5.2| the possibility of situations where the only possible 
solution to A i2 = Ai 3 = 0 is given by bi —> 0, for i = 1,2,3. As further explained at 


the beginning of Section 5.3, this can be viewed as a specialized model (3.8) with one 


reducible coefficient a 2 = aia 2 as in (5.7). This implies that this special unHiggsing, its 


matter spectrum and Higgsings back to the Abelian theory X n+ i is already covered by 
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the discussion in Section 5.5 However it is instructive to spell out some details of this 
analysis. 

We begin by noting that the fully unHiggsed model with 5* —* 0 is described by 


uf u + a^agv 3 — 0 , 


(5.33) 


which has gauge group SU(2 ) 3 x SU(3), as already seen above. Its Weierstrass form is 


given by (B.19), after setting a\ — 1, b\ — 0 and t = sg and then identifying Ai = 0201 , 


A 3 = 03 . This confirms the presence of three J 2 and one singularities. 

The matter spectrum of the theory can be computed from analysis of this Weierstrass 


form (or 6 D anomaly cancellation). It is given in Table 5.3, which is completely symmetric 


under an exchange of SU(2)-factors. The multipliticies of bifundamentals and adjoints 


Representation 

Multiplicity 

(2, 2,1,1) 

£(2, 2 , 1.1) = [<h] ■ [« 2 ] 

(2,1,2,1) 

x ( 2 , 1,2,1) = [<h] ■ [03] 

(1,2, 2,1) 

•£( 1 , 2 , 2 , 1 ) = [fl 2 ] ' [03] 

(2,1,1, 3) 

£( 2 , 1 , 1 , 3 ) = [ a l] ' [Ss] 

(1,2,1,3) 

£( 1 , 2 , 1 , 3 ) — [ a 2 ] ' [^ 8 ] 

(1,1, 2, 3) 

£( 1 , 1 , 2 , 3 ) — [03] ' [ s 8 ] 

(2,1,1,1) 

£(2,1,1,1) = [ a i] ' (~8Kb — 2([ai] + [a 2 ] + [03]) — 3 [ss]) 

(1,2,1,1) 

£(1,2,1,1) — [o 2 ] • (—8Kb — 2([ai] + [a 2 ] + [03]) — 3 [ss]) 

(1,1, 2,1) 

x (i, 1,2.1) — [03] ' (—8Kb — 2 ([ai] + [a 2 ] + [03]) — 3 [ss]) 

(1,1,1,3) 

x (i, 1,1,3) — [ss] ' (—9 Kb — 2([ai] + [a 2 ] + [03]) — 3 [ss]) 

(3,1,1,1) 

x (3, 1,1.1) — 2 [ a i] ' ([°i] + Kb) + 1 

(1,3,1,1) 

^( 1 , 3 , 1 . 1 ) = \[ a 2 \ ' ([ fl 2 ] + A^) + 1 

(1,1,3,1) 

£(1,1,3,1) = \ [03] ' ([03] + K b ) + 1 

(1,1,1,8) 

£(1,1,1,8) = M s s] ' ([ s s] + Kb ) + 1 


Table 5.3: Matter spectrum of the specialized unHiggsins —> 0, i = 1, 2, 3. The 

multiplicity of adjoints in 6 D is included for completeness. 


follow as before. For the multiplicities of fundamentals, we account for the third SU(2) 
by modifying the fourth to sixth lines in Table 5.2 as follows. We just have to take 
into account in the parenthesis that we have a reducible a 2 , he. a 2 
— 2 [a 2 ] —> — 2 ([ai] + [a 2 ]). 


—» aia 2 so that 


The Higgsing to the Abelian model goes in steps. Basically the Higgses are certain 
components in all three possible bifundamental representations of one SU(2) and the 
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SU(3). We obtain 


SU(2) ai x SU(2) a2 x SU(2) as x SU(3) sg —► SU(2) ai x SU(2) a2 x U(l)' x SU(2) sg 

—> SU(2) ai x U(iy x U(l)" -A U(l) x U(l), (5.34) 


where we have indicated the codimension one loci of the various gauge group factors by a 
subscript. Note also that the U(l)’s after the second and third Higgsing are different. The 
first Higgsing is performed by the state with Dynkin labels (0; 0; 1; 1,0) inside ( 1 , 1 , 2 , 3), 
the second Higgsing by the state (0; —1; 0; 0, —1) inside the representation ( 1 , 2 , 2 )( 0 ) of 
the original ( 1 , 2 , 1 , 3), and the final Higgsing by the state (1; 0; 0; —1,1) inside the 2 (_ 11 ) 
of the original ( 2 , 1 , 1 , 3). Then the final unbroken U(l) generators are 


£ = 4 ” 


a 


( 3 ) 


+ A , C — a 3 + a 3 2 — ~ A 4 ) j 


(5.35) 


where denotes the third Cartan matrix of the i-th SU(2) and A = diag(l, —1, 0), /i = 
diag(l, 0, —l) 11 For these U(l) generators, we see that the states (—1; 0; 0; —1,1) inside 
( 2 , 1 , 1 , 3 ) and the states ±(2; 0; 0; 0, 0) inside ( 3 , 1 , 1 , 1 ) will have charges (-2,-2), 
i.e. the (-2,-2) matter arises as some sort of diagonal adjoint and the first SU(2)x 
SU(3) bifundamental. It does not appear as an ordinary double point singularity of the 
SU(3) divisor. 


The multiplicities of the Higgsed Abelian theory X( n+ u in Table 4.2 are related to 


those of the unHiggsed non-Abelian theory in Table 5.3|by the following relations: 


*£(0,2) = *£(1,1,2,3) + 2a£(i j i i 3 i i) — 2 , 

£( 2 , 0 ) = £(1,2,1,3) + 2a£(i i 3,i,i) — 2 , 

*£(—2,—2) = £(2,1,1,3) + 2X(3 1 1,1 1 1) — 2 , 

£(- 2 ,- 1 ) = £(2,1,1,3) + £(1,2,1,3) + (1.1.1,8) + 2X(2,2,1,1) — 2 , 

£(-1,-2) = £(2,1,1,3) + £(1,1,2,3) + 2X(1.1 1 1 I 8) + 2^(2,1,2,1) — 2 , 

£(-1,1) — £(1,2,1,3) + £(1,1,2,3) + 2X(1 1 1.1 I 8) + 2X(1 1 2,2,1) — 2 , 


£(0,1) — 2X(2,2,1.1) + £(2,1.1,3) + £(1,2,1,3) + 1,2,1) + £(1,1,1,3) j 

£(1,0) — 2x^2.1,2,1) + £(1,1,2,3) + £(2,1,1,3) + 2X(1 ] 2,1,1) + £(1,1,1,3) j 

£(1,1) — 2^(12,2,1) + £(1,1,2,3) + £(1,2,1,3) + 2X(2,1,1,1) + £(1,1,1,3) ■ (5.36) 

This shows that the spectrum of the Abelian model A" n +i will indeed fall into represen¬ 

tations of SU(2) 3 x SU(3) after unHiggsing. 

1:L Note that the Dynkin labels have been computed here w.r.t. A and A — fi, as usual. 
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5.7 Novel Weierstrass models with /f singularities 


We conclude the discussion of the tuned Calabi-Yau manifold by a detailed analysis 
of the global structure of its Weierstrass model and the interplay with the singularities 
of the divisor t — 0 supporting the / 3 -singularity. 

The central object to distinguish between the split and non-split form of a Kodaira 
singularity of type J 3 is the monodromy cover [60] 


*2+ 

2/ 


= 0 


t =o 


(5.37) 


The standard story in F-theory is that we have a split J 3 , corresponding to an su(3) 
gauge algebra, if |j evaluated at t = 0 is a perfect square and otherwise a non-split 
J 3 , which yields just an sp(l) = su(2). This condition is determined locally from the 
structure of the Weierstrass model around t — 0. While in most applications considered 
in the literature the monodromy can be determined in a straightforward fashion from the 
geometry using global considerations, we demonstrate here an example of the subtlety 
that may arise if t — 0 is singular and we are not in a unique factorization domain. In the 
situation we consider here it turns out that |j is a square locally around 7 = 0, though 
this is encoded in a nontrivial fashion in the algebra. 


We begin by evaluating the monodromy cover (5.37) for the Weierstrass form (5.22). 
We obtain 

9 g_ 

2 / 


- Ms 2 

~ 4 \*6 


4 s 3 s 8 ) =: \d. 


(5.38) 


t =o 


It is one key property of the Weierstrass form that this d is at the same time the dis¬ 
criminant of the divisor t = Sgcq — s$aibi +s 3 6f = 0 viewed as a conic in the variables Gq, 
b i. The consequences of this coincidence are most obvious by contrasting the geometry 
at hand with a generic situation. In general, the intersection points of t = 0 and = 0 
are the branch points around which, in a resolution, two nodes in the reducible fiber over 
t = 0 are exchanged by a Z 2 -monodromy, cf. the left figure in Figure in 10 This reduces 
the gauge algebra from su(3) to su(2) 


In contrast, for the geometry at hand we have 
a non-generic divisor t — 0 with double-points at a\ = b\ — 0 and discriminant d — 0, 
which agrees with (5.38). Thus, t — 0 intersects d tangentially, i.e. t = d = 0 have only 
double zeros, see the right picture in Figure [lOj This double zero arises since two zeros of 




t=0 


Figure 10: Generic (left) and non-generic (right) / 3 S along the divisor t — 0 with normal 
and tangential crossing of t = 0 and d — 0, respectively. 


multiplicity one have merged. Furthermore, as the zeros of d = 0 along t = 0 are also the 
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branch points of the monodromy cover we see that its branch points have come together 
in pairs. As the monodromy around a pair of branch points is trivial, no nodes in the 
resolution are not interchanged, leaving a full su(3) gauge algebra. 

The fact that the divisors d and t intersect only at points of tangency can be seen in a 
simple fashion by considering the normal vector to each of the divisors at the intersection 
points. Where t = d = 0 we have 

(s 8 a 2 + s 3 &i ) 2 = sla\b\ = 4 s 3 s 3 a\b \, (5.39) 

from which it follows that s 8 a 2 = S 3 b\ = s^aibi/2, and 

2s 8 ai = s 6 b 1 , 2s 3 bi = s 6 ai. (5.40) 

We can then relate the differentials of d and t, 


aibid(d) = (ai&i)(2s 6 ds 6 — 4 s 3 ds 8 — 4 s 8 ds 3 ) 
= (— 2 s G )d(t ), 


(5.41) 

(5.42) 


which shows that the normals are proportional and hence the intersection is at a point 
of tangency. 

We emphasize that it is also this interplay between the structure of /, g and the 
divisor t — 0 that does not permit us to deform t so that its ordinary double singularities 
disappear. In fact, if we changed the structure of t without changing the Weierstrass form 


(5.22), we would only have an order two vanishing of A at t = 0 and just an ^-singularity 


with an su(2) gauge algebra, as noted above. If we changed only the Weierstrass form, 
e.g. by modifying the leading coefficient of / and g, while keeping t unchanged, we might 
get an / 3 s and again only an su(2) gauge algebra. Thus, the ordinary double points 
of t — 0 are able to support symmetric plus anti-symmetric matter representations, 
in such a way that the geometry cannot be deformed to a smooth discriminant locus 
which would support only adjoint representations 02 t It is an interesting open question 
whether symmetric matter representations can only be formed in this nontrivial algebraic 
fashion, or may also arise when smooth divisors are deformed into singular divisors with 
double point singularities. 

Let us conclude by showing in another way that the zeros of t — d — 0 are indeed 
double-points. To this end, we define the ideal 


2 - {t y d} - {sga, - -saa^b , + s 3 5i,5 3 - 4s 3 si} , 


(5.43) 


Generically, there would be deg(t) -deg(d) = — 2Kb- ([ s s] H-2[a,i]) points of multiplicity one 
in the vanishing set V(Z). Computing the primary decomposition of X we obtain only 


one prime ideal p that is given in (5.28), showing the irreducibility of V(Z). However, 
the corresponding variety H(p) has multiplicity two inside V{Z) as can be seen using the 
resultant technique [9]. In other words V (X) consistent only of points of multiplicity two, 
i.e. double zeros. Their number is computed by the class 


[^(P)] = ~K b ■ Os] + 2 [ai]) = |deg(t) ■ deg(d) 


(5.44) 
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according to (5.30), which is half the product of the degrees of t and d as expected. 

Performing a local computation around an intersection point in H(p), we can show 
explicitly that the tangents of t = 0 and d = 0 become parallel when they intersect. 
This implies that locally around intersection points with t — 0, the constraint d be¬ 
comes a perfect square to leading order, so that the monodromy cover (5.37) is reducible, 
corresponding to a Kodaira singularity of type If. 


6 UnHiggsing of two U(l)’s: concrete examples 

In this section we systematically describe examples of the unHiggsing of two U(l) factors. 
Following the spirit of Section [2j we discuss first the rank-preserving unHiggsings to 
SU(2) x SU(2) and SU(3), and then those to a fully fledged SU(2) x SU(2) x SU(3) 
hybrid model. The discussion here is based on the unHiggsings of type A described in 
the previous section; in the completely general cases where approach A cannot be used 
directly, as discussed earlier we can unHiggs using approach D, giving a model which is 
equivalent to one with unHiggsings of type A but with a reducible divisor a 2 . 

6.1 UnHiggsing of two U(l)’s to SU(2)xSU(2) 

We begin with the discussion of Abelian F-theory models that admit an unHiggsing to 
SU(2) x SU(2) with adjoints. The two U(l)-factors are embedded as the Cartan generators 
of SU(2)xSU(2) in the adjoint Higgsing 


U(l) x U(l) 


adjoints 
<-> 

^ 2 , ^ 3->0 


SU(2) x SU(2). 


( 6 . 1 ) 


As we will show below, these Higgsings occur only for certain Calabi-Yau manifolds X n+1 
with bi = 0 and [ax] = 0, i.e. cases that are included in the specialized model of Section 


which ensures the presence of adjoints of the two SU(2)’s on these divisors, and [sg] = 0, 
which is required to guarantee the absence of the additional SU(3) gauge group. 


3.1 if we tune fe 2 , b 3 —y 0 as indicated. In addition, we have to have [a 2 ], [ 03 ] > —K 


B, 


6.1.1 Geometric discussion 


To proceed more explicitly, we rewrite the effectiveness condition for the section ,s'i in 
(3.17) in terms of the classes of Ai, A 2 and t defined in (5.17) as 


- 6 K b - 2[Xi\ - 2[A 2 ] - 3[t] > 0 . 


( 6 , 2 ) 


From this it is clear that the two SU(2)’s can only both carry adjoints, which is the case 
if [Ai], [A 2 ] are of the form —Kb + Z for an effective class Z. if the class of t is strictly 
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smaller than —K B . As [t] > —K B by (5.11) unless b\ = 0 (the choice ai = 0 is equivalent 
under v O w), which also imposes [ai] = 0 by the assumption of a smooth Abelian 
modewe conclude that only the specialized models (3.8) can admit an unHiggsing to 
two SU(2)’s with adjoints. In this case we have Ai = a 2 , A 2 = a 3 and the Calabi-Yau 


manifold X^°l , describing the unHiggsed theory is given by (|5.20[) . 

In order to have a clear unHiggsing to two SU(2)’s we have to require [s 8 ] = 0 so that 
the SU(3) in G uni is absent. Then the two parameters b 2 and 6 3 that are switched off in 


the tuning (5.19) triggering the unHiggsing obey the relation 


— [oj] + X B , i — 2,3 


(6.3) 


as follows from (3.19). Thus, the number of independent VEVs of the l + |[ai] -([ai] + K B ) 
adjoint Higgses agrees precisely with the number of monomials in the respective bi that 
is tuned for the unHiggsing, as can be seen on a concrete base, e.g. B n = P 2 . 


Geometrically, the unHiggsing (6.1) corresponds to a transition of the generators of 


the Mordell-Weil group of X n+ \ corresponding to the U(l)’s into the Cartan divisors of 
the two /^singularities supporting the SU(2) gauge groups. In other words, a horizontal 
divisor given by a section of the elliptic fibration of X n+l is transformed into a vertical 
divisor in X^]_i localized at a codimension one locus in the base B n . 

In the Weierstrass form, the unHiggsing b 2 , & 3 —>• 0 of the Abelian theory produces 
the model (5.25). As pointed out earlier it precisely agrees with the general Weierstrass 


model (B.19) with two I 2 - and one /^-singularities. If we set [s 8 ] = 0 the /^-singularity 
is absent and we simply reproduce the most general model with two /^singularities, 


cf. (B.l), with the identification 


a = a 2 , t = a 3 . (6.4) 

This direct matching of Weierstrass models with two I 2 singularities ensures that any 
such model can be obtained by unHiggsing our Abelian model defined via X n+ \. 


6.1.2 UnHiggsing from matching of spectra 


Next, we note that the identification of Abelian models that unHiggs to two SU(2)’s can 
performed directly from investigation of the spectrum of the general Abelian model. 


Recalling the discussion of Section 2.2.1, an Abelian model with two U(l)’s arising 


from a broken SU(2)xSU(2) has to have a charge lattice as shown in Figure [lj i.e. the 
matter with charges (—2, —2), (—2, —1) and (—1, —2) has to be absent while matter with 


charges (2, 0) and (0, 2) has to be generically present. It follows directly from Table 4.2 


that the unique solution to this is precisely [oq] = [s 8 ] = 0, consistent with the above 
geometric arguments. 


12 Recall the presence of an I 2 singularity at a\ = 0 if b\ = 0. 
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Furthermore, the spectrum of the Abelian model of Table 4.2 then automatically 


assumes the form of an SU(2)xSU(2) gauge theory. Indeed, we find that the non-zero 
multiplicities of the Abelian theory obey the relations 

£(2,0) — [ a 2 \'{Kb + [^ 2 ]) = 2X(3 ) i) — 2 , £(0,2) = [03 \-{Kb + [ 03 ]) = 2 X(i, 3 ) — 2 , 

£( 1 , 0 ) =-4[a 2 ] ■ (4AT b + [a 2 ] + [a 3 ]) = 2x^,i) , £( 0 , 1 ) = -4[a 3 ]-(4iF s + [a 2 ] + [a 3 ]) = 2x ( i j2 ) 

£(— 1 , 1 .) = £( 1 , 1 ) = 2[a 2 ] ■ [a 3 ] = 2x (2 , 2) , (6.5) 

with the multiplicities ir of matter in a representation R of the SU(2)xSU(2) gauge 
group. These relations ensure that the spectrum of the theory falls into representations 


of SU(2)xSU(2) in the limit & 2 , b 3 —> 0. In fact, (6.5) follows directly from the branching 
rules of SU(2)xSU(2) representations in an adjoint Higgsing as discussed in Section 2.2.1 
and a comparison of Tables 5.2| and T3 Note that we have to subtract 1 from the 
multiplicities £(3,1), £(1,3) of the adjoints as one held is eaten up by the massive gauge 
bosons, respectively. 


We conclude by noting that the relations (6.5) formally follow also from the general 


relations (5.32). To this end, we have to set all multiplicities to zero that involve non¬ 


trivial representations of SU(3), which includes the —2 in 


6.1.3 Examples: models on P 2 


We conclude by demonstrating the general observations made in this section for a simple 
and concrete example. We consider a Calabi-Yau threefold A" 3 with base R 2 = P 2 . We 
solve the effectiveness constraints (3.19) and perform the tunings (5.19) of the complex 
structure of A 3 yielding Xg 0 ^. We then obtain the following list of models with [s 8 ] = 0: 


N 

[«s] 

^2 

h 

Sl 

s 2 

s 3 

s 5 

s 6 

s 8 

6 

3 

3 

0 

0 

3 

6 

0 

3 

0 

5 

4 

2 

1 

0 

3 

6 

0 

3 

0 

5 

3 

2 

0 

2 

4 

6 

1 

3 

0 

4 

5 

1 

2 

0 

3 

6 

0 

3 

0 

4 

4 

1 

1 

2 

4 

6 

1 

3 

0 

4 

3 

1 

0 

4 

5 

6 

2 

3 

0 

3 

6 

0 

3 

0 

3 

6 

0 

3 

0 

3 

5 

0 

2 

2 

4 

6 

1 

3 

0 

3 

4 

0 

1 

4 

5 

6 

2 

3 

0 

3 

3 

0 

0 

0 

6 

6 

3 

3 

0 


( 6 . 6 ) 


As expected, this precisely reproduces the list of models (B.7) based on the completely 
general WSF (B.l). In addition, we check the necessary relation between the degrees 
of the polynomials, [a;] — [bj] = 3, i = 2,3. This ensures that the number of adjoint 
VEVs agrees precisely with the monomials in 6 2 , & 3 , that have been switched off in the 
unHiggsing procedure. 
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We emphasize again that the Abelian theory resulting from Higgsing SU(2) x SU(2) via 
adjoints can not be described by F-theory on the c/P 2 -clliptic fibrations in [HI El 101 Til [T2| . 
Thus, we see that the Calabi-Yau manifolds X n+ \ are crucial for describing the branch 
in the moduli space of F-theory with two Abelian factors. 

6.2 UnHiggsings of two U(l)’s to SU(3) 

Next, we turn to F-theory compactifications with two U(l)’s that are embedded into the 
Cartan subalgebra of an SU(3) via the adjoint Higgsing 


adjoints 

U(l) x U(l) 4-> SU(3). (6.7) 

62, ^3 —4 0 or 

Al2, Ai3 —> 0 


We will demonstrate that this is only possible for models with either [ai] = 0 and [s 8 ] > 
—Kb by tuning b 2 = b 3 = 0 or with [ai], [&i] > 0 (where [s 8 ] might or might not obey 
[ss] A —Kb) by tuning A 12 = A 13 = 00 These conditions guarantee the presence of 


adjoints of the SU(3). Additionally, we require [a 2 ] = [a 3 ] = 0 in the first case and 
[ai] = [a 2 ] = [a 3 ] in the second case to ensure that no SU(2)’s are present. We emphasize 
that the latter models admit SU(3)-divisors with ordinary double point singularities, 
giving rise to symmetric matter representations. 


6.2.1 Geometric discussion 

We organize our discussion by analyzing the two types of models with unHiggsings to 
SU(3) separately. 


Models with [op] = 0 and [s 8 ] > — Kb- 

For models with [op] = 0 (which implies [&i] > 0, yet allows us to put bi = 0 by 
shifting v H > ^(v — biw)) we have to demand [t] = [s 8 ] > —Kb in order to have an SU(3) 
with adjoints. The absence of the SU(2) factors in (5.1) further requires to consider 
models with [a 2 ] = [a 3 ] = 0, as follows from (5.21). In addition, [a*] = 0 implies 

[bi] = K b + [s 8 \ , i = 2,3, (6.8) 


according to (3.17), which implies that the number of VEVs of adjoints of the SU(3) 
agrees with the number of monomials in b 2 , b 3 that are tuned to zero for the unHiggsing. 


Geometrically, as before the unHiggsing tranforms the generators of the Mordell-Weil 
group of X n+ \ into the Cartan divisors of the resolved /^-singularity. This is the analog of 

13 We note that models with [ai] > 0 and [6i] = 0, which implies [s 8 ] < —Kb and [s 3 ] > — Kb , are 
equivalent upon vote to models with [ai] = 0 and [s 8 ] > —Kb- Thus, we do not consider them here. 
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the field theoretical statement that the two U(l)’s are embedded as the Cartan generators 
of the SU(3) in the unHiggsed theory. 


The Weierstrass form of the models at hand is given by (5.25) and precisely agrees 


with the general Weierstrass model (B.19) with two / 2 - and one /^-singularities. If we set 
[a 2 ] = [a 3 ] = 0 the SU(2)’s disappear and we simply recover the most general model with 


one /^-singularity in (B.ll) upon identifying t = s 8 . Thus, by unHiggsing the considered 


Abelian models defined by X n+ \ we reproduce the list of all F-theory models with one 


/^-singularity on a smooth divisor t. 


Models with [ai], [ 61 ] > 0: 

We begin by noting that the class [t] is automatically effective and satisfies [t] > [—K B \ 
as long as the term aib\SQ C t is present, which is the case if both a\ and 61 are non-trivial 
section^} Thus, we see that the SU(3) on t — 0 always has adjoints that can be used to 
Higgs the theory back to a model with U(l ) 2 gauge symmetry. We recall that the divisor 
t — 0 has ordinary double point singularities that support symmetric plus anti-symmetric 


representations, as shown in Section 5.7 


If we further assume that [Ai] = [A 2 ] = 0 are both trivial the gauge group of the tuned 
j is just to SU(3). Then, we have a clear embedding of the two U(l)’s into the 
maximal torus of SU(3). We observe that for [Ai] = [A 2 ] = 0 we have [ai] = [a 2 ] = [a 3 ]. 


model X 


Thus, the degrees of the sections A 12 and A 13 defined in (5.2) and (5.13), respectively, 
are equal. The number of monomials tuned to zero in the unHiggsing by imposing 
Ai 2 , Ai 3 —y 0 is given e.g. for B n = P 2 by 


(M +2)([ai] +1) + ([ai] + [sg] — l)([ai] + [sg] —2) —2 — 2[ai]([ai] + [sg]) + [sg]([sg] — 3) + 2 

(6-9) 

This agrees precisely with the number of VEVs of the 2aq 11)8 ) in Table 4.2 
factor of 2 is included due to the rank of SU(3). 


where the 


The Weierstrass model we obtain by unHiggsing is given by (5.22) for Ai = A 2 = 1. As 


pointed out earlier, it deviates from the standard form of an /f singularity but still yields 


a model with SU(3) gauge group as shown in Section 5.7 We note that at the current 


stage it is unknown whether every Calabi-Yau elliptic fibration with /| singularities over 
a divisor t = 0 with ordinary double points can be written as the Weierstrass model 


(5.22) or whether unHiggsing X n+ \ reproduces every model of the form (5.22). 

We emphasize that the unHiggsed theory has two discrete degrees of freedom. These 
two parameters are the divisor classes [sg] and [ai] = [a 2 ] = [a 3 ]. The latter sets the 
number of ordinary double point singularities of t — 0. Geometrically, the appearance 
of the extra parameter is expected due to the special structure of the Weierstrass model 


(5.22) which is key to the presence of an SU(3) gauge group. In contrast, if we remove the 
additional substructure of t = 0 by imposing [ai] = 0 we are left with only one parameter 
[s 8 ], which is the class of the t supporting the SU(3), as expected. 


14 If e.g. a\ is constant the term involving S6 in t can be removed by redefining sg and we are back in 
a situation with bi = 0. 
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6.2.2 UnHiggsing from matching of spectra 


Again, we can rediscover those Calabi-Yau manifolds X n+ i which arise from unHiggsing 
to an SU(3) with adjoints from the point of view of the matter spectrum of Abelian 
theory. 

First we assume that there are no matter fields in the representation (—2, —2) in 


Table 4.2 Then, we recall from Section 2.2.2 that an Abelian model with two U(l)’s 


which arises from a broken SU(3) has to have the charge lattice shown in Figure [2j 
Notably, matter with charges (2,0), (0,2) has to be absent while matter with charges 
(2,1), (1,2) and (—1,1) should generically be present. The unique solution to this is 


given by [ai] = [a 2 ] = [a 3 ] = 0, as follows from Table 4.2 We note that the remaining 
multiplicities automatically assume the form 


£(2,1) = £(1,2) = £(-1,1) = [«s] • ([ss] + Kb) = 2x 8 - 2 , 
£(i,o) = £(o,i) = £(i,i) = -3 [s 8 ] • (3 K b + [s 8 ]) = x 3 , 


( 6 . 10 ) 


which implies that the matter spectrum falls into representations of SU(3) if we unHiggs 
by b 2 , b 3 —> 0. Here, we denote the multiplicity of an SU(3) representation R by xr. 


Indeed, the relations (6.10) readily follow from the branching rules of representations 


in an adjoint Higgsing given in Section [2.2.2| and a comparison between Tables [572] and 
4.31 Note that we have to subtract one adjoint as it is eaten up by the massive gauge 


bosons. We can also obtain the relations (6.10) formally from the general relations (5.32) 


by dropping all multiplicities of SU(2)xSU(2) representations. 

In order to include matter fields in the representation (—2, —2) all we have to do is to 


relax the condition of a vanishing multiplicity £(- 2 ,- 2 )- As the discussion in Section 2.2.4 


shows, the only source for this representation is the symmetric representation of SU(3). 


The branching (2.10) of the symmetric suggests that we have to demand X(_ 2 ,-2) = 
X(_ 2 ,o) = X(o,_ 2 )- A unique solution to this in a natural parametrization is given by 


M = [a 2 \ = [a 3 ], [s 8 \ = [t] - 2[ai] 


( 6 . 11 ) 


for an effective class [t]. Using this relation we clearly reproduce the relations (5.32) after 
setting the multiplicities of all SU(2)-representations to zero. Thus, in an unHiggsing 
t plays the role of the divisor class supporting the SU(3) and [ai] is related to the 
number of symmetric representations. The entire spectrum of the Abelian theory falls 
into representations of SU(3). 


6.2.3 Examples: models on P 2 

We conclude by constructing explicit models for the base B 2 = P 2 . We start with an 


Abelian model specified by the CY-threefold X 3 , solve the effectiveness conditions (3.17) 


and impose the conditions for an enhancement to SU(3). Then we tune the complex 
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structure in order to unHiggs to X^°\ We obtain the following list of models: 



cii 


N 

h 

Sl 

s 2 

s 3 

s 5 

s 6 

[t] 

0 

6 

3 

0 

0 

0 

3 

3 

6 

0 

5 

2 

3 

2 

1 

4 

3 

5 

0 

4 

1 

6 

4 

2 

5 

3 

4 

0 

3 

0 

9 

6 

3 

6 

3 

3 

1 

4 

2 

0 

1 

2 

2 

3 

6 

1 

3 

1 

3 

3 

3 

3 

3 

5 


( 6 . 12 ) 


We note that the first four lines reproduce precisely the list of models with a standard /f 
singularity on a smooth divisor found in (B.16), where we identify t — Sg. The last two 
lines are models corresponding to the two possible solutions to the condition that [si] is 
effective when the divisor t is of the form (5.10) with an ordinary double point. Indeed, 
for [Ai] = [A 2 ] = 0 the effectiveness constraint on [si] reduces to 


3[t\ + [si] = 18, (6.13) 

which is solved only by [t] = [ax] + [&x] + 3 = 5, 6 with [s 8 ] =3,4 and [ax] = [ 61 ] = 1 or 
[ax] = [61] — 1 = 1, respectively^] 

Again, we emphasize that the new Calabi-Yau manifolds X n+ \ are needed to have a 
geometrical description in F-theory of the Higgs branch of an SU(3) gauge theory broken 
by adjoints to two U(l)’s. The relevant Abelian theories can not be obtained from the 
dP 2 -clliptic hbrations in [HI [!). QH, .HI H2] , unless [s 8 ] = 3. 


There are some caveats regarding the completeness of our construction of models with 
an SU(3) on a divisor with double points in P 2 . As we have seen in (6.12), we only obtain 
models with one or two double points on a quintic or a sextic, respectively. However, we 
expect that models on P 2 with more double points or an SU(3) divisor of a lesser degree 
exist. In particular, we expect the existence of an SU(3) on a quartic with one adjoint 
and up to two double points, on a quintic with an adjoint and up to five double points 
and on a sextic with an adjoint and up to nine ordinary double points. On a technical 
level, the reason for the limitations of our model is the term biaiSQ in t, which imposes 
the condition [t] — 3 = [ax] + [fox] fixing the number of double points. Currently, we do not 
know of any geometrical or physical reason for this constraint, which is intrinsic to our 
constructions, to hold universally, or how to see such a constraint from the low-energy 
theory. 


6.3 Unhiggsing of two U(l)’s to SU(2)xSU(2)xSU(3) 

Finally, we consider Abelian F-theory models with two U(l)’s that unHiggs to a model 
A^x in which the full non-Abelian gauge group G un i = SU(2) x SU(2) x SU(3) is realized. 
In this case, the two U(l)’s are embedded diagonally into the Cartan subalgebra of G un i. 

15 Note that there exists a model with [ai] — 1 = [ 61 ] = 1 and [sg] = 2. It is mapped to the model 
[ox] = [ 61 ] — 1 = 1 and [s§] = 4 using the symmetry v -H- v. 
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Depending on the discrete parameters specifying X n+1 , the Abelian theory can be 
obtained from the non-Abelian one by different Higgsings. While all Abelian models 
considered here arise from breaking G uni by the bifundamentals (2,1, 3) and (1, 2, 3), 


bifunds. 

U(l) x U(l) 4-> SU(2) x SU(2) x SU(3), (6.14) 


certain models admit an alternative Higgsing via adjoints and fundamentals. This alter¬ 
native Higgsing can be viewed as a two-stage version of the bifundamental Higgsing. It 
illuminates the geometrical process which turns a vertical into a horizontal divisor, i. e. a 
section into a Cartan divisor. Thus, we will discuss it in detail. 

There are four different types of models X n+1 that unHiggs to G uni . They are 


specialized models ([ax] = 0) with [a 2 ], [a 3 ] > —Kb, as in Section 6.1, but with 


[s 8 ] > 0. The Higgsing alternative to ( 6. 14| ) is by adjoints of the two SU(2)’s and 
a consecutive Higgsing by fundamentals of the residual SU(3) with appropriate 
U(l)xU(l) charges. 


specialized models with [s 8 ] > —Kb, as in Section 6.2, but without [a 2 ] = [a 3 ] = 0 
and models with [ai], [&i] > 0, again as in Section 6.2, but relaxing [Ai] = [A 2 ] = 0. 


As an alternative to (6.14) we can Higgs by adjoints of the SU(3) and break the 


residual SU(2)xSU(2) by fundamentals with U(l)xU(l) charges. 


• specialized models with [a 2 ] < —Kb but [a 3 ] > —Kb or vice versa and [s 8 ] < —Kb- 
In this case we can Higgs one SU(2) with adjoints, then Higgs the remaining 
SU(2)xSU(3) by a bifundamental and finally Higgs the residual SU(2) by a funda¬ 
mental with non-trivial U(l) charges. 


specialized models with ja 2 ], [a 3 ] < 
alternative Higgsing to (6.14). 


—Kb and [s 8 ] < —Kb- In this case, there is no 


We note that some non-Abelian theories defined by X^h have Higgs branches param¬ 
eterized by Higgses in the bifundamental representation (2, 2,1), different fundamentals 
(with trivial U(l) charges) and with other final gauge symmetries. The analysis of these 
branches is beyond the scope of this article and is left for future works. 


6.3.1 Geometric discussion &; comparison to field theory 

We will analyze the four different types of models in the order outlined above. 

Models with [ai] = 0, [a 2 ], [a 3 ] > —Kb and [s 8 ] > 0: 

These models are analyzed similarly to those discussed in Section |6T| however relaxing 
the condition [s 8 ] = 0. In this case, the tuning b- 2 , b 3 —> 0 unHiggsing the U(l)’s produces 
the model X ^_ } . First, by tuning b 2 = 0 we get the gauge group SU(2) x SU(2) x U(l), 


57 














cf. the discussion before (5.12). Then, we get the full gauge group G uni if we also set 
63 = 0 as shown before (5.18). The Weierstrass model of l is given by (5.22). 


In order to understand the embedding of the U(l)’s into the Cartan subalgebra of 
G un ; from a geometric point of view we note that [sg] > 0, using (3.19), implies 


> [s 8 ], i = 2,3. 


(6.15) 


Thus, the degree of the 6 * is larger than that of s 8 . Thus, we can tune the complex 
structure of X n+ \ so that 

b 2 = s 8 b' 2 , b 3 = s 8 b' 3 (6.16) 

for appropriate sections b' 2 and b 3 . We obtain an F-theory model with two U(l)’s and an 


extra /^-singularity at s 8 = 0, as can be seen by inspecting of the Weierstrass form (3.11) 


with (A.l), (A. 2 ) for X n+ \. Thus, the SU(3) gauge group at s 8 can already be induced 
prior to unHiggsing the U(l)’s in the Abelian model. The U(l)’s are unHiggsed into two 


SU(2)’s by tuning b' 2 = b 3 = 0 corresponding to an adjoint Higgsing as in Section 6.1 


The field theoretic Higgsing corresponding to the intermediate tuning (6.16) can be 


inferred by noting that the U(l) charges of the theory are changed. Indeed, geometrically, 
the Shioda map is altered due to the presence of the Cartan divisors of the SU(3) [571155 ]. 
This change shifts the U(l) charges of all matter fields in such a way that the new 
spectrum of the theory after the tuning (6.16) is of the form of Figure [lj while the 
original smooth model X n+i has a spectrum like in Figure [3] Thus, the field-theoretical 
analogue of (6.16) has to be a Higgsing by fundamentals 3( 9li92 ) with appropriate U(l) 
charg es (q 1 , q 2 ). The correct U(l) charges are identified by starting with the spectrum in 
of the unHiggsed model ,. Then, we Higgs the two SU(2)’s by adjoints and 
re corresponding triplets 3 ( quq2 ) by the requirement that the resulting spectrum 


Table 

identi 


A2 

y t 


matches Table 4.3. We find that the correct states are precisely the triplets 3(_ 1)0 ) and 


3 ( 0 , 1 ) that are inside the bifundamentals (2,1,3) and (1,2,3), respectively. Thus, the 
U(l)-generators of X n+1 are embedded into the Cartans of G uni as in (2.6), i.e. the 
bifundamental Higgsings. 


We note that the spectrum of the Abelian theory obeys the relations (5.32) with 


X(_ 2 ,- 2 ) = 0. It is important to emphasize that these relations are simultaneously com¬ 


patible with a Higgsing by bifundamentals as in (6.14) and by a combination of adjoint 
and fundamental Higgses, as just described. 


We summarize the chain of Higgsings that are possible if we invoke the tunings (6.16) 
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in the following diagram: 


U(l ) 2 

b3=b' 3 sg 

U(l ) 2 x SU(2) 

b2=b' 2 sg 

U(l ) 2 x SU(3) 


62—>0 63—^0 

-> SU(2) x U(l) x SU( 2 ) -> SU(2) x SU(2) x SU(3) 

b 3 =b' 3 S 8 

b 2~^0 

-> SU(2) x U(l) x SU(3) 




(6-17) 

Here we indicate the relevant tunings of the complex structure of the Calabi-Yau manifold 
A" n+ i next to the respective arrow. The first line of (6.17) is identical to (6.14). Ver¬ 
tical arrows correspond to a Higgsing by a fundamental with non-trivial U(l) charges, 
horizontal arrows are bifundamental Higgsings and diagonal arrows are SU(2) adjoint 
Higgsings. The latter correspond to tunings that unHiggs U(l)’s into Cartan generators 
of SU(2)’s. 


We note that starting from the non-Abelian theory X^ ] there are other possible 
Higgs branches. Higgsing by the bifundamental (2,2,1) leads to a theory with just 
one U(l), while Higgsings by fundamentals of SU(2)’s lead to a theory with no residual 
Abelian gauge group. These Higgsings are not considered here, as they are not related 
to the Abelian model X n+ \. 


Models with [ai] = 0 and [s 8 ] > —K B or [ax] , [ 61 ] > 0 : 

These models are analyzed in analogy to those in Section G2 However, the full gauge 
group G un i is realized as can be seen e.g. from the Weierstrass model given by (5.25). 
Indeed, models with [ai] = 0 are unHiggsed by tuning 6 2 , ^3 —> 0 to X^ x also in the 
case if the conditions [a 2 ] = [a 3 ] = 0 are relaxed. Similarly, models with [ai], [6-j] > 0 


are unHiggsed by imposing (5.2) and (5.13). This is solved, assuming [a 2 ] — [«i] > 0, 


[a 3 ] — [ai] > 0, by (5.4) and (5.14) with non-trivial [Ai] and [A 2 ]. In other cases, we are 
in situation D) in Section |5.2[ which can be made equivalent to a case with [ai] = 0 by 
setting b\ = 0, as discussed there. We assume in the rest of this section that we are in 
the situation where [a 2 ] — [cp] > 0 , [a 3 ] — [ai] > 0 applies. 

Geometrically, we understand the embedding of the U(l)s into the maximal torus of 
G un i by noting that the condition [s 8 ] > —Kb implies, by virtue of (3.19), that 


> M > 


i = 1,2,3, 


(6.18) 


i.e. the degrees of the 6 , are larger than that of the corresponding a*. Thus, we can tune 
the complex structure of X n+ i so that 

b 2 = a 2 b ' 2 , 63 = 0363 , (6.19) 
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for appropriate sections b' 2l b' 3 . The resulting F-theory models still have two rational 
sections generating a rank two MW-group but also have ^-singularities at 02 = 0 and 
a 3 = 0. In fact, the resulting elliptic fibration is described by 

V = uf u + a 2 a 3 v(v + b'. 2 w)(v + b 3 w) , (6.20) 


which clearly has I 2 singularities at a 2 = 0 and 03 = 0 , yet has three distinct rational 
points. The relevant tunings that reduce the MW-rank are then given by b 2 , b 3 —y 0, 
which creates the I 3 singularity at s$ = 0 . 

Analogously, a general model X n+ i with [ai], [ 61 ] > 0 can be tuned by setting 

(ii = K-ia'i , bi = Xi-ib'i ( 6 . 21 ) 


for appropriate sections a', b\ for i — 2,3 with [a' 2 ] = [ai] and [a' 3 ] = [ai]. The CY- 


constraint (3.4) then assumes the form 


V — u fu(u, v, w) + \i\ 2 (aiv + biw)(a' 2 v + b' 2 w)(a' 3 v + b' 3 w) 


( 6 . 22 ) 


so we see that the tuning ( 6 . 21 ) maintains all rational sections, but introduces already I 2 


singularities corresponding to the SU(2)’s at Ai = 0 and A 2 = 0 . In this case, the tunings 
that unHiggs the U(l)’s to the SU(3) associated to an I 3 singularity at t — 0, cf. Section 
5.7[ are given by 

a x b\ - ha't = 0 (6.23) 

for both i — 2, 3 yielding the CY-manifold , with gauge group G uni . 


I 11 field theory, the intermediate tunings (6.19), (6.21) corresponds to a Higgsing by 


fundamentals of the SU(2)’s which carry non-trivial U(l)-charges. Again, this is clear 
from the change in the Shioda map of the rational sections due to the SU(2)’s. The correct 
matter fields are in the representations (2, l)(i,o) and ( 1 , 2)( 0 _!) that originate from the 
bifundamentals (2,1,3) and (1,2,3), respectively, so that the U(l)’s are embedded via 


(2.6) into the Cartan generators of 


The spectrum of the Abelian theories obtained from models X n+ \ with [ai] = 0 obey 
the relations (5.32) with X(_ 2 ,- 2 ) = 0 while models with [ai], [ 61 ] > 0 allow for a non-zero 


multiplicity X(_ 2 _ 2 ). We note again that the relations (5.32) are compatible both with a 
Higgsing by bifundamentals or by adjoints and fundamentals, as the one just described. 

We summarize the chain of Higgsings we just discussed that also allows for the tunings 
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(6.19) in the following diagram: 


b 2 ~>0 


SU(2) x U(l) x SU(2) 


63—>o 


SU(2) x SU(2) x SU(3) 


b 3 =a 3 b'„ 


b 2 — 



-+ SU(2) 2 x U(l) x SU(2) 


U(l) 2 

b 3 =a 3 b ' 3 

SU(2) x U(l) 2 

b 2 =ci 2 b ' 2 

SU(2) 2 X U(l) 2 

(6.24) 

Here the relevant tunings of the complex structure of the Calabi-Yau manifold X n+1 
are indicated next to the respective arrow. The first line of (6.24) is the Higgsing in 



(6.14). Vertical arrows correspond to a Higgsing by a fundamental with non-trivial U(l) 


charges, horizontal arrows are bifundamental Higgsings and diagonal arrows are adjoint 
Higgsings of the SU(3). The latter correspond to tunings that unHiggs U(l)’s into Cartan 
generators of SU(3)’s. 

We emphasize that starting from the non-Abelian theory X^K there are other possible 
Higgs branches. Higgsing by the bifundamental (2, 2,1) and then by the adjoints of SU(3) 
leads to a theory with three U(l)’s, while Higgsings by fundamentals of SU(3)’s and then 
by the bifundamental of the SU(2)’s leads to a theory with one Abelian gauge group. 
These Higgsings are not considered here as they are not relevant for obtaining the Abelian 
model X n+ i. 


We conclude with the observation that the effectiveness condition (6.2) implies that 
whenever [t] > —K B the model can at most have one SU(2) with an adjoint. Con¬ 
sequently there are models with adjoints for one SU(2) and the SU(3). These models 
exhibit an adjoint Higgsing to a theory with U(l) 3 xSU(2) gauge group. 


Models with faq] = 0, [a 2 ] < —K B , [a 3 ] > —K B and [s 8 ] < —K B : 

The main distinction of the following discussion from the above is that the CY- 
manifolds X n+ \ considered here do not yield non-Abelian theories with adjoints of rank 
two gauge groups. In fact, for models with [cp] = 0, [s 8 ] < —K B and [a 2 ] < —K B , 
[a 3 ] > — K b only one SU(2) in X^j _j carries adjoints. Thus, we can Higgs the theory 
on this adjoint yielding one U(l). The remaining non-Abelian group SU(2)xSU(3) is 
Higgsed on a bifundamental to SU(2)xU(l) and then on a charged fundamental to U(l). 
As before the spectrum of the Abelian and the non-Abelian theory obey the relations 


(5.32). Geometrically, there exists only one intermediate tuning 


b 3 = b' 3 s 8 , (6.25) 

for appropriate b' 3 which creates an SU(2) on s 8 = 0 prior to unHiggsing any U(l). 
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The chain of (un-)Higgsings possible in this model is given by 


~^0 

U(l ) 2 - 


63=63*8 

U(l) 2 x SU(2) 


62^0 
- > 


SU(2) x U(l) x SU(2) —SU(2) x SU(2) x SU(3) 

63=63*8 

SU(2) x U(l) x SU(3) 



(6.26) 

As before the relevant tunings of the complex structure of X n+ i are indicated next to 
the respective arrow, vertical arrows correspond to Higgsings by charged fundamentals, 
horizontal arrows are Higgsings by bifundamentals and diagonal arrows are adjoint Hig¬ 
gsings. 


We note that the number of alternative Higgsings of the non-Abelian theory defined 
by X^j is limited. All Higgsings alternative to (6.26) yield theories with one or no U(l). 


Models with [a^ = 0 and [a 2 ], [a 3 ], [s 8 ] < —K B : 


For these models no intermediate tuning (6.16) of X n+ \ is possible. Thus, the unHig 


gsing of the Abelian sector is induced by b 2 , b 3 —» 0 and cannot be split into steps. We 
obtain a non-Abelian model described by X^+i with gauge group G uni with a spectrum 
related to that of the Abelian model via the relations (5.32). The only (un-)Higgsing 


chain possible is the one in (6.14): 


U(l ) 5 


£>2—^0 


SU(2) x U(l) x SU(2) 


63^0 


SU(2) x SU(2) x SU(3) (6.27) 


6.3.2 Examples: models on P 2 


We conclude the discussion of models with an unHiggsing to a non-Abelian theory with 
the full gauge group G un i (or in special cases £7/(2) x £77(3), when one £7/(2) is on a 
trivial divisor) by constructing explicit models for the base B 2 = P 2 . As before, we start 
with an Abelian F-theory model specified by the threefold AT, ‘ which is in one of the 
four classes of models discussed in this section. Then we tune the model appropriately 
to the threefold X^. We discuss the four different classes of models separately. Note 
again that we assume in this discussion that we are in situation A), of the possibilities 
distinguished above. 


The list of models X 3 on B 2 = P 2 with [ai] = 0, [a 2 ], [a 3 ] > 3 and [s 3 ] > 0 is given 
by: _ 


[a 2 ] 

[«s] 

b 2 

h 

Sl 

s 2 

s 3 

s 5 

s 6 

s 8 

3 

3 

1 

1 

3 

4 

5 

2 

3 

1 

3 

3 

2 

2 

0 

2 

4 

1 

3 

2 

3 

4 

1 

2 

1 

3 

5 

1 

3 

1 
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These three models are all the models in the list ( B.21[ ) of theories with SU(2) xSU(2) xSU(3) 
gauge group over B 2 = P 2 that meet the requirement [a 2 ], [ 03 ] > 3, i.e. have SU(2) xSU(2) 
with adjoints. Thus, we have reproduced the complete list of such models by unHiggsing 
the Abelian theories defined by X :i . 

The list of models X 3 on B 2 = P 2 with [s 8 ] > 3 and [a 2 ], or [a 3 ] > 0 reads: 


[a 2 ] 

N 

h 

h 

Sl 

s 2 

s 3 

S5 

s 6 

s 8 

0 

1 

2 

3 

1 

1 

1 

3 

3 

5 

0 

1 

1 

2 

4 

3 

2 

4 

3 

4 

0 

1 

0 

1 

7 

5 

3 

5 

3 

3 

0 

3 

1 

4 

0 

1 

2 

2 

3 

4 

0 

3 

0 

3 

3 

3 

3 

3 

3 

3 

0 

2 

1 

3 

2 

2 

2 

3 

3 

4 

0 

2 

0 

2 

5 

4 

3 

4 

3 

3 

0 

4 

0 

4 

1 

2 

3 

2 

3 

3 

1 

1 

1 

1 

5 

4 

3 

4 

3 

3 

1 

1 

2 

2 

2 

2 

2 

3 

3 

4 

1 

2 

1 

2 

3 

3 

3 

3 

3 

3 

1 

2 

2 

3 

0 

1 

2 

2 

3 

4 

1 

3 

1 

3 

1 

2 

3 

2 

3 

3 

2 

2 

2 

2 

1 

2 

3 

2 

3 

3 


(6.29) 


Again, we reproduce all models in the list in (B.21) of theories with SU(2) xSU(2) xSU(3) 
gauge group over B- 2 = P 2 that meet the requirement of having an SU(3) with adjoints. 

The number of models X 3 on B 2 = P 2 with [ap], [ 61 ] > 0 is very limited. Indeed, by 
inspection of the last term of g in (5.22), we obtain the equality 


- 6 K b - 2 [Ax] - 2[A 2 ] - 3 [t] = [ Sl ] > 0 , 


(6.30) 


which agrees precisely with the condition ( 6 . 2 ) we have derived from the Abelian model 
X n+ i. This condition is very constraining as both classes [a 1 ] and [Jq] have to be strictly 
non-zero so that [t] = 3+ [ap] + [ 61 ] > 5 on P 2 . The only solutions to it are [ai] = [ 61 ] = 1 
for [t] = 5, which allows for [Ai] = [A 2 ] = 0 or [Ai] = 0, [A 2 ] = 1, and [ap] = [bi] — 1 = 1, 
which only allows for [Ai] = [A 2 ] = 0. Thus, we only obtain one solution with one SU(2), 
in addition to the two solutions in ( 6 . 12 ): 


h] 

[a 2 \ 

[«s] 

bi 

i>2 

^3 

Sl 

s 2 

s 3 

S5 

s 6 

s 8 

1 

1 

2 

1 

1 

2 

1 

2 

3 

2 

3 

3 


(6.31) 


This is a model with an SU(3) on a quintic in P 2 with one ordinary double point singu¬ 
larity at ap = bi — 0 and an SU( 2 ) on a line A 2 = 0. As discussed earlier we reproduce 
the full list of models compatible with the structure of Weierstrass models of the form 
(5.22) and divisor t = 0 of the form ( 5.10| ). However, we currently do not know whether 
this is the complete list of models with an SU(3) on a divisor in P 2 with ordinary double 
points that carry symmetric representations. 
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The list of models X 3 on B 2 = P 2 with [s 8 ] < 3, [a 3 ] > 3 and [a 2 ] < 3 together with 
models having [a 2 ], [a 3 ], [s 8 ] < 3 reads: 


Models with [s 8 ] < 3, [a 3 ] > 

3 and [a 2 ] < 3 

[« 2 ] 

[«s] 

b 2 

h 

Sl 

s 2 

s 3 

s 5 

s 6 

s 8 

1 

3 

0 

2 

4 

4 

4 

3 

3 

2 

1 

4 

0 

3 

2 

3 

4 

2 

3 

2 

1 

5 

0 

4 

0 

2 

4 

1 

3 

2 

2 

3 

0 

1 

5 

5 

5 

3 

3 

1 

2 

3 

1 

2 

2 

3 

4 

2 

3 

2 

2 

4 

0 

2 

3 

4 

5 

2 

3 

1 

2 

4 

1 

3 

0 

2 

4 

1 

3 

2 

2 

5 

0 

3 

1 

3 

5 

1 

3 

1 

Models with [a 2 ], [a 3 ], [s 8 ] < 3 

1 

1 

0 

0 

8 

6 

4 

5 

3 

2 

1 

2 

0 

1 

6 

5 

4 

4 

3 

2 

2 

2 

0 

0 

7 

6 

5 

4 

3 

1 

2 

2 

1 

1 

4 

4 

4 

3 

3 

2 


(6.32) 


We note that this covers all remaining models in (B.21) that can be Higgsed supersym- 
metrically to an Abelian theory with two U(l)’s. There are models that do not admit 
such Higgsings, either because the realized non-Abelian gauge group is too small or be¬ 
cause there are less than two matter fields in both bifundamental representations (2,1, 3) 
and (1,2,3), respectively. In the latter case, a D-flat Higgsing is impossible. We note, 
though, that some of those models do have a Higgsing to a model with one U(l). It is 
satisfying that the effectiveness conditions (3.17) and (3.19) required by the existence of 
a smooth and generic model X n+ \ reproduce these field theory results. 


7 Further research directions 

While we believe that the model constructed in this paper gives a fairly complete picture 
of the most general classes of F-theory models that can be constructed with two Abelian 
factors U(l)xU(l), many of the results we have found suggest generalizations that may 
have much broader consequences for our understanding of F-theory models and the cor¬ 
responding supergravity theories. In particular, the general structure of the unHiggsing 
patterns identified in the U(l) 2 models considered here suggests that similar patterns may 
govern F-theory models with arbitrary numbers of Abelian factors U(l) fc . Our construc¬ 
tion has also given rise to an explicit realization of a class of models where a non-Abelian 
gauge group is supported on a singular curve, giving rise to a non-generic matter rep¬ 
resentation. In this section we look ahead to how these features may be generalized in 
future work. 
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7.1 More U(l) factors 


In the most general class of U(l) x U(l) models that we have considered here, the charge 
spectrum (Figure [4]) can be identified with the set of charges arising when a non-Abelian 
group SU(2) xSU(2) xSU(3) is broken by Higgsing. As we have shown, this corresponds 
to the fact that the generic model can be “unHiggsed” by transforming the horizontal 
divisors (sections) associated with the two U(l) factors into vertical divisors in the total 
space of the Calabi-Yau that lie over divisors of the form AC and BC in the base of the 
elliptic fibration. Here, C is a common factor of the two divisors, and picks up the rank 
two SU(3) non-Abelian group, while A and B support SU(2) gauge factors. 

This suggests a natural structure for general models with more U(l) factors. For 
three U(l) factors U(l)xU(l)xU(l), for example, we could imagine transforming all 
three horizontal divisors into vertical divisors. The most general structure for the divsors 
in the base that would support the three non-Abclian factors would be 


A 1 B 12 B 13 C, A 2 B 12 B 23 C , A 3 B 13 B 23 C . (7.1) 

Each Ai divisor would then support an SU(2) factor, each B tJ divisor would support 
an SU(3) factor, and C would support a rank three factor such as SU(4). The general 
U(l) 3 modef^l could then be realized by Higgsing a non-Abelian theory with gauge group 
SU(2) 3 xSU(3) 3 xSU( 4). Of course, in many cases some of the factors would be trivial, 
with many rank three Abelian groups realized from Higgsings of rank three non-Abelian 
groups such as SU(2) x SU(2) x SU(2), SU(2) x SU(3), and SU(4). Degenerate divisors 
A^ By and C could also lead to larger product groups in an unHiggsing. As in the case 
of one or two U(l) factors, the presence of additional non-Abelian gauge groups in the 
original theory having U(l) factors, and/or additional geometrical structure in the base 
could in some situations make the unHiggsed non-Abclian theory singular, or bring the 
theory to a superconformal fixed point where a geometric transition would be necessary 
to give a smooth Calabi-Yau. 

It is straightforward to generalize this kind of construction to an arbitrary number 
of U(l) factors. A very general class of U(l) fc models could then be constructed from 
the Higgsing of a non-Abelian theory with a gauge group SU(2) fc x SU(3) fc ( fc- k/ 2 x • • • x 
SU (k) k x SU (k + 1) = nli SU(z + l) Ci , where the combinatoric factor is q = (*). For 
larger ranks, we could also have other non-Abelian groups arising in the unHiggsing. For 
rank 2, we did not need to consider G 2 separately, since it can be Higgsed to SU(3) on the 
adjoint without reducing the rank. As the rank increases, however, we can realize U(l) 
factors by Higgsing more general groups including SO (IV) factors, exceptional groups such 
as Eq, Ef, Eg, etc. This will give rise to a rich collection of possibilities for higher rank 
Abelian groups that can be realized from Higgsing higher rank non-Abelian structures. 

While this type of unHiggsing construction might be expected to give the most general 
classes of models with any number of Abelian factors there are a number of issues that 
would need to be addressed. First, while this story seems likely to hold in the low-energy 

16 For a special construction of F-theory compactifications with U(l) 3 see [15] , 
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supergravity theory, the realization in F-theory through an explicit Weierstrass model 
is quite nontrivial. Even for two U(l) factors, the general model with explicit formulae 
given in Appendix [A] are quite complex, and do not follow in any simple way even though 
we can explicitly construct Weierstrass models in principle for the unHiggsed SU(2) x 
SU(2) x SU(3) model more directly. While as discussed in [Jj, [H], we have an explicit 
formulation of the Higgsing of a single SU(2) factor in terms of Weierstrass models, and 
as discussed here this can be extended to theories with multiple non-Abelian factors, this 
construction becomes progressively more complicated as the number of factors increases. 
Another issue that would need to be addressed for any complete understanding of models 
with more Abelian factors is the analysis of special cases where the horizontal divisors 
cannot be unHiggsed to vertical divisors of a non-Abelian theory with the same rank. 
Given that some examples of this are already encountered for two U(l) factors, we expect 
an even more exotic set of special cases when the number of U(l) factors is increased. 
Despite these technical issues, however, it seems that exploring the set of U(l) 3 , U(l) 4 ,... 
models that can be realized in F-theory through Higgsings of rank k and higher non- 
Abelian groups holds promise as a way of gaining some systematic understanding of 
these rather difficult theories. 

7.2 Exotic matter representations 

Another issue that has arisen in this paper, in which we have likely only touched on the 
tip of a rather complex iceberg of possibilities, is the appearance of non-standard matter 
representations. As discussed in Section [2j an SU(2) or SU(3) factor that is tuned in 
F-theory on a smooth divisor D will carry generically only matter in the fundamental 
and adjoint representations. In 6D models, the number of adjoiuts simply corresponds 
to the genus g of the curve D. As discussed in [43, 142] , however, when the divisor D 
is itself singular, other representations of the gauge group can arise. A simple formula 
was derived in [4Tj from anomaly cancellation, which determines the contribution to the 
arithmetic genus of a curve D that should be associated with the singularity carrying 
any given matter representation. For the adjoint and symmetric representations, the 
contribution is 1. Thus, in particular, as was originally suggested by Sadov in [43] (see 
also [61]), we expect that tuning an SU(3) on certain divisors with double point type 
singularities should give rise to matter in the symmetric representation. Indeed, a large 
class of the models we considered here can be associated with the Higgsing of SU(2) 
x SU(2) x SU(3) non-Abelian theories, where the SU(3) lies on a curve of the form 

t = Ax 2 + Bxy + Cy 2 , (7.2) 

where there are double point singularities at the points x — y — 0. I 11 the simplest case, 
a 6D model on P 2 with x,y defining lines and A,B,C defining cubics, there is a single 
double point singularity at x — 0. This corresponds to a symmetric representation of 
SU(3), which carries charge (2, 2) in the Higgsed U(l) xU(l) theory. As we have discussed 
in earlier sections, this double point singularity apparently cannot be removed without 
changing the gauge group of the theory. 
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This is one of the first situations where we have an explicit example of a non-generic 
matter representation arising on a singular curve. At an algebraic level, Weierstrass 
models with this kind of structure are rather subtle. This can be illustrated clearly in a 
simple example. Consider tuning an SU(IV) on a generic divisor a(x,y), where x,y are 
coordinates on the base. As analyzed in detail in [32], this can be done systematically by 


tuning the coefficients in an expansion / = /o + /icr + / 2 cr 2 -)-, g = go + 9i cr + 920 ' 2 -\ -, 

where /o = —3u(x,y) 2 ,go = 2 u(x,y) 3 , and similar conditions hold at higher orders 
so that the discriminant cancels at leading orders in a, with e.g., 4/q = —108m 6 = 
—27$q. If a is a singular curve, however, such as for example a = 4x 3 + 27 y 2 , we 
can have /o — x , go — y , and the discriminant will vanish to leading order. This is 
the kind of condition that is automatically satisfied by the form (7.2) in the context 
we have encountered it here. An outstanding challenge for F-theory is to develop tools 
and understanding for systematically constructing such singular Weierstrass models to 
realize arbitrary gauge groups and matter representations that are allowed by low-energy 
supergravity consistency conditions such as anomaly cancellation. 

Within the context of the models developed here, one question is whether there is a 
construction for models with U(l) charges associated with arbitrary numbers of symmet¬ 
ric representations of SU(3). In particular, considered over P 2 , the singular curve (7.2) 
must be of degree at least five. It should be possible, however, to construct F-theory 
models with an SU(3) on a singular quartic over P 2 . The quartic has genus three, so we 
should be able to have one or two symmetric representations, and then Higgs on the ad¬ 
joint representation leaving one or two charge (2,2) states in the low-energy U(l)xU(l) 
model. 


More generally, we might hope to construct models with higher U(l) charges from 
more exotic representations. Even for models with a single U(l), we expect that there 
are solutions with matter having charge q — 3, see [32j for the Abelian model, associated 
with Higgsing of an SU(2) having matter in the three-index symmetric representation. 
At this time no explicit geometric F-theory realization of such a matter representation 
is yet known. Even more exotic matter representations can in principle arise when we 
consider higher-rank groups. 


7.3 Matching 6D supergravity 

It was conjectured in [62] that every low-energy 6D supergravity theory can either be 
realized in string theory or suffers from some quantum inconsistency. The close con¬ 
nection between the structure of 6D supergravity and F-theory [63, 00] suggests that 
F-theory may provide a framework for systematically constructing vacua in each branch 
of the complete moduli space of 6D supergravity theories, with different branches associ¬ 
ated with different bases for the F-theory compactification connected through tensionless 
string transitions. At this point, however, “string universality” for 6D supergravity the¬ 
ories has not been proven. F-theory geometry places certain additional constraints on 
low-energy physics. While some such constraints have been understood as consistency 
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conditions that must be satisfied by the low-energy supergravity theories |64j . other such 
constraints are not yet understood from the low-energy point of view. Theories with 
Abelian factors provide an important regime for testing the correspondence between the 
set of F-theory constructions and consistent supergravity theories, in which there are 
many open questions. Some analysis of the set of consistent solutions to the 6D anomaly 
equations in the presence of Abelian factors was carried out in [36j [37]. In the context of 
the work in this paper, the question is whether a correspondence can be found between 
the set of apparently consistent 6D supergravity theories with two Abelian factors and 
the set of F-theory constructions. 


Two specific examples of situations where this kind of question arise have been en¬ 
countered in this paper. A first question is whether the general model we have described 
here in fact captures all F-theory constructions with two U(l) factors. As we have noted, 
the dP 2 U(l)xU(l) models identified in |5| [9, IMt [XU [T? give rise to different charge 
spectra from the generic class of models we have constructed here, though these models 
are also described in the framework given here by relaxing the constraints on the di¬ 
visor classes associated with the relevant parameters. It would be interesting to study 
whether there are other exceptional cases such as this, some of which may go beyond the 
construction presented here. 


Another significant class of examples relates to the exotic matter configurations de¬ 
scribed in the previous section. Considering even just symmetric matter representations 
of SU(3), there are a variety of U(l) xU(l) models that would seem natural from the low- 
energy point of view that are not reproduced by our general class of constructions. In 
particular, since under anomaly cancellation an adjoint behaves identically to a combina¬ 
tion of asymmetric and a fundamental representation of SU(3), we can consider a general 
model where SU(3) is realized on a curve of genus g, and replace anywhere from 1 to g — l 
of the generic adjoint representations with a symmetric + fundamental combination of 
representations. Only a small subset of these are realized through the model constructed 
here. For example, as mentioned above we could tune an SU(3) gauge group on the base 
P 2 on a curve C of degree 4, which has genus 3. According to low-energy considerations 
only, it seems that it should be possible to replace one or two adjoint representations 
with a symmetric + fundamental, and Higgs on the remaining adjoint, which would give 
a U(l) xU(l) model with one or two charged matter fields in the (2, 2) + (—2, 0) + (0, —2) 
representations. This is impossible to realize, however, in the spectrum described in Ta¬ 
ble 4.2| Logically there are several possibilities. It may be that these theories are actually 
inconsistent due to as-yet not understood compatibility conditions between low-energy 
field theory and quantum gravity. It may be that these theories are consistent but cannot 
be realized in F-theory. It may be that these theories can be realized in F-theory but 
in a very different way than using the construction of this paper. Determining which of 
these possibilities is correct may be a fruitful way of uncovering further the beautiful and 
subtle correspondence between geometry and physics that F-theory provides. 
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8 Conclusions 


We conclude by summarizing the key results of the paper: 

• We have given what we believe is the most general construction of a globally de¬ 
fined F-theory compactication with U(l)xU(l) gauge factors. Specifically, we have 
constructed a general class of elliptically fibered Calabi-Yau manifolds with rank 
two Mordell-Wcil group. The elliptic hbration is based on the elliptic curve S with 
three (non-toric) rational points at general positions, which is realized as a special¬ 
ized cubic in P 2 . We have obtained the Weierstrass form for this general class of 
models. Though the focus is on Calabi-Yau threefolds, the construction is general 
and is valid for an arbitrary F-theory base manifold. The work is a generalization 
of the earlier constructions PEuinuiiuniEa where the rational points in in £ 
were chosen at specific positions and assumed to be toric points in P 2 . 

• We have provided a detailed analysis of the codimension two singularities of these 
elliptically fibered Calabi-Yau manifolds, and have provided their global resolution, 
which is represented as a complete intersection in an n + 4-dimensional ambient 
space, constructed by two blow-ups at two non-toric points in the ambient space of 
the elliptic fiber. This allows for the full determination of charges and multiplicities 
for the matter spectrum of general global 6D U(l)xU(l) F-theory models. We also 
explicitly checked that the matter spectra cancel all 6D anomalies. 

The matter spectra of the models constructed here are more general and contain 
additional matter representations, compared to those of specialized constructions 
|3 E, OUl HU HZ), 32]. In particular, they include representations with (-2,-2), 
(—2,1) and (2,0) charges under U(l)xU(l). Representations with higher charges 
could emerge in special cases where the elliptic curve is further specialized. 

• We have provided a detailed geometric and held theoretical study of the general un- 
Higgsing mechanism in the moduli space of globally defined F-theory models with 
U(l)xU(l) symmetry. These transitions have a geometric interpretation as the 
transformation of a rational section to a Cartan divisor of a non-Abelian gauge sym¬ 
metry; in such an unHiggsing process, the nonlocal horizontal divisors, associated 
with sections in the Mordcll-Weil group, become local vertical divisors, associated 
with the Cartan generators of non-Abelian gauge groups of Kodaira singularities in 
the elliptic hbration over the base. One of the principal results is that these mod¬ 
els can be unHiggsed to a non-Abelian gauge group SU(2) xSU(2) xSU(3). The 
structure of the non-Abelian group can be understood geometrically by identifying 
the general form of the vertical divisors, associated with unHiggsing the two U(l) 
factors, to be AC and BC, where C is a common factor. The unHiggsing process 
leads to SU(2) factors on A and B , while on C the two elements of the Cartan 
generators combine, resulting in SU(3). We provide the geometric and the held 
theory analysis of the non-Abelian matter spectra that after Higgsing result in the 
spectra of general U(l)xU(l) models. In particular, we note that the appearance 
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of matter with (—2, —2) charges originates from the symmetric representation of 
SU(3). 

We also note that in some cases the divisors A, B , and C can be reducible; for 
example A can support SU(2)xSU(2) or more SU(2) factors. In the most generic 
such case, the unHiggsed symmetry results in SU(2) 3 xSU(3). In these cases the 
Higgsing to a general U(l) xU(l) is due to bi-fundamental non-Abelian matter only. 

• An important new result that has emerged from the geometric analysis of these 
models and the associated unHiggsing mechanism is the first explicit geometric 
construction of a symmetric representation of the unitary gauge symmetry SU(N) 
for N > 2, in this case SU(3). The associated Weierstrass models have an intricate 
and nontrivial algebraic structure. Specifically, the appearance of a symmetric rep¬ 
resentation is associated with the tuning of an SU(3) divisor with a double point 
type singularity that cannot be removed while retaining the Is Kodaira singular¬ 
ity type. It is expected that tuning of more intricate singular divisors supporting 
non-Abelian groups could result in other higher-dimensional representations, such 
as three-index symmetric tensor representations. These higher-dimensional repre¬ 
sentations are expected to play a role in the unHiggsing of Abelian models with 
larger Abelian charges. 

• The U(l)xU(l) construction suggests a generalization to theories with any number 
of U(l) factors; for a model with U(l) fc factors with k > 2, we expect that an un¬ 
Higgsing of ^-horizontal divisors into vertical divisors would result in an unHiggsed 
phase with a gauge group like SU(z + l) Ci , where q = ( fc ). 
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A The Weierstrass form of X 


n+1 


The Weierstrass form of the elliptic curve (3.4|) can be computed by first mapping to the 
cubic in (IP 2 and then using the results of pHH! f° r its Weierstrass form. Alternatively, 
one can use Dcligne’s approach of constructing the Weierstrass coordinates [z : x : y\ as 
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sections of appropriate line bundles on £. Either way, we find the following expressions 
for / and g : 

1 2 1 1 

/ = ( s 6~4S3Sg) + -b\b 2 b 3 S 3 ( 2 s 3 S 5 — S2Sg) + -(036263 + 0 , 2 b 1 b 3 + CI36162) (s2S<3 + s 3 (2fi2S 8 — 3S5Sg)) 

- 7j( a 3 b i b 2 + a 2 bfb 3 + 01^3) (s2-3sis 3 ) + ^(630203 + 6 2 oia 3 + b 3 a 1 a 2 ) ( 26 i 6 2 6 3 (s|- 3 sis 3 )- 3 s 2 s 6 s 8 
+ S5 (sg + 2s3S 8 )) + — (a 2 a 3 bib 2 + 02036363 + 01036362 + 03036263 + 03026363 + a 3 a 2 b 2 b 3 ) (2S2S5 — 3 siSg) 

— T^(^ 2 ^ 3^1 “t O3O263 + 62O3O3 — O1O2O36162 — O1O2O36363 — O3O2O36263) (sg — 3 sis 8 ) 

+ 030203(636263 ( 3 sis 6 - 2 s 2 s 5 ) + S2s| - ^S 5 s 6 s 8 ) , (A.l) 
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1 3 1 

9 = gg| (sg - 4s 3 s 8 ) + —bib 2 b 3 s 3 ((s 2 s 6 - 2s 3 s 5 ) (sg - 4s 3 s 8 ) + Qb^hss, (s% - 4sis 3 )) 

- — {b 2 b 3 a\ + b 3 b\a 2 + bib 2 a 3 ) (12 bib 2 b 3 s 3 (s 2 s 3 s 3 + (s\ — 6 s 3 s 3 ) Sg) + (sg — 4s 3 s 8 ) (s 2 Sg + s 3 ( 2 s 2 S 8 — 3sgSg))) 

+ 7^( & l & 2°3 + b l b 3 a 2 + ^2 fe 3 a l) ( 3 ( 3s 5 “ 8 siS 8 ) S 3 + (4sls 8 - 3s 6 (2s 2 Sg + SiSg)) S 3 + 2s2Sg) 

+ ~^(b\a 2 a 3 + b 2 a±a 3 + b 3 a±a 2 ) ( 2b\b 2 b 3 (—6 (s 2 + 2sis 8 ) s 2 + (2s 8 s 2 + 18sgSgS2 ~ 33siSg) s 3 + s 2 Sg) 

- (4 - 4s 3 s 8 ) (s 5 (s 2 6 + 2 s 3 s 8 ) - 3s 2 s 6 s 8 )) + ^(&?& 2«3 + b i b 3 a 2 + 4 b la 3 i) s 2 (9sis 3 - 2 s%) 

+ -^( b\b 2 a 2 a\ + bfb 3 ala 3 + a 3 albib% + a\a 2 b 2 hl + a 3 a 3 & 2^3 + aia\bib\) (Abib 2 b 3 s 2 (2 s\ - 9sis 3 ) 

+ Sg (s 6 (2s 2 s 5 + 3sis 6 ) - 12s 3 s 2 ) + 4 (s 2 s 3 s 5 - 3 (s\ - 5sis 3 ) Sg) s 8 ) 

+ —aid2a 3 (166 j 62& 3 S2 (9siS 3 — 2S2) + 6bib 2 b 3 (sg (6s 3 s 2 + Sg (9siSg — 8S2S5)) + 2 (3 (si + 2s 3 s 3 ) Sg — 8s2S 3 Sg) s 8 ) 
+ 3s 8 (s 5 sg - 2 s 2 s 8 ) (sg - 4 s 3 s 8 )) 

~~ (^2^3 ^1 b 3 (J 3 ft2^1^2 4” 4“ a\a 3 blbl -f - Q 3 C^ 2 b 2 b 3 -t- ((2S2 — 3siS 3 ) S 5 — 3s 3 S2Sg) 

18 

+ -^(6 2 a|a 3 + &|a 2 a 3 + hiatal) ( 8bib 2 b 3 (-2s 5 S2 + 3sis 6 s 2 + 3sis 3 s 5 ) + 2 (sg + 2s 3 s 8 ) s 2 - 6 s 2 s 6 s 8 sg 

ou 

- 3s 8 (si (sg + 8 s 3 s 8 ) - 3s 2 s 8 )) + jl(a 3 a 2 a 3 62&3 4- ala^b^ + a 3 aia 2 foi 6 2 ) ( 4 & 1 & 2&3 (( 2 s 2 - 3sis 3 ) s 5 - 3sis 2 s 6 ) 

4- (sg + 2 s 3 s 8 ) Sg + 18s2SgS 8 S5 — 6 (s 2 + 2siS 3 ) s| — 33siSgS 8 ) 

4- ^(^2^0^02 + bib\ala\ + blb 3 a\al + bi^a^a 2 + b\b 3 ala\ + blalal) (s 2 (2s 2 — 3sis 8 ) — 3sisgs 6 ) 

18 

2 

4- ~{blblaia 2 al + 6 2 & 3 aia 3 a 2 + blb\a 2 a 3 a\) (3sis 5 s 6 + s 2 (3sis 8 - 2s 2 )) 

9 

4- — (Mia^ + b 2 a 2 a\al + b 3 a 3 a\a\) (2b 1 b 2 b 3 (s 2 (2s 2 - 3sis 8 ) - 3sis 5 s 6 ) - 3s 8 (s 6 s 2 + (s 2 s 5 - 6 siSg) s 8 )) 

18 

I 4 /141,2 2 4 1 7,4 7,2 4 2 1 7,27,4 4 2 1 7,27,4 4 2 , t,4t,2 4 2 , t,2t,4 4 2\ 2 
+ ^(0l02«2 a 3 + b l b 3 a 2 a 3 + b 2 b 3 a l a 2 + b l b 3 a 2 a l + b 2 b 3 a l a 3 + b l b 2 a 3 a l) S l 

- ^( 6 i 62 a i a 2 a 3 + blbla 2 a 3 aj + &f& 3 aia 3 a|)s 2 - + a\a 3 b\ + a\a\b 3 2 ) (9s 3 (3b\b 2 b 3 si - 2s 5 s 8 ) + 4sf) 

4- -l(6 3 62aia2 a 3 4" &i^2 a 2 a i a 3 4" b\b 3 a\a\a\ + b 3 b\a\a\al + blb 3 a 2 a\a\ + &2& 3 a 3 «2 a i) (§b\b 2 b 3 s\ + 2s| — 9 sis 8 s 5 ) 

18 

3 2 1 

+ (aia 2 a 3 ) 2 (--fe 3 6 |& 3 Si + -b^b^ (9sis 8 - 2s 2 ) + -s| (s 2 - 4sis 8 )) . (A.2) 


We can use Weierstrass coordinates of the rational points of the elliptic curve in dP 2 
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in [U] to obtain the Weierstrass coordinates of the rational points (3.5). This yields 

zq = aib 2 - a 2 b \, 

x Q = b\b\sl-bib 2 (a 2 bi+aib 2 ) s 3 s 6 + -^{afbf+afbf) ( s 6 + 8s 3 s 8 ) + ^a 1 a 2 b 1 b 2 ( 5 sg+ 4 s 3 s 8 ) 

1 2 

+ g («2^1 — dib 2 ) ((2a 3 &i&2 ~ a 2 bib 3 — a\b 2 b 3 ) s 2 + (2030263 — 030362 — <22^361) S5) 

- aia 2 (a 2 6i + ai6 2 ) s 6 s 8 + aiO^g , 

VQ = — ^1^2 S 3 + 2 ( Ct2 ^ 1 _ ° 1 ^ 2 ) 4 (a 3 &l - «l^ 3 ) (o2& 3 — 0’^b 2 ) Si — ^b 2 b 3 S 3 S 3 af — 2 a3 ^2 S 2 s 8 a l 
+ ^a 2 bfb 3 (s 5 s 6 + s 2 s 8 ) af + ^a2036^s 5 s 8 0i - alb 2 b 3 s 5 s 8 af + ^036163 (s 3 s 5 + s 2 s 6 ) aj 
+ a 2 a 3 bibl (s 2 s 8 - s 5 s 6 ) af + ^&2 S 3 (6i6 2 6 3 s 2 + s 6 s 8 ) af - ^ ala 3 b!bls 5 s 8 af 
+ Oj (— Sg + 2 bib 2 b 3 s 3 s 3 ) af — -afb 2 (b 1 b 2 b 3 (S5S6 + S2S 8 ) — 3 sgSg) af 

+ y a 2^2 (2616263 (s 3 S5 — S2S6) — s 8 (sg + 2 s 3 s 8 )) af — a 3 b}bfs 2 s 3 af — -a 2 a 3 bibf (s 3 s 3 + s 2 s 8 ) af 

- y6i6'2S 3 (sg + 2 s 3 s 8 ) 03 + -a 2 bibf (s| + 5 s 3 s 8 sg — b\b 2 b 3 s 2 s 3 ) aj + a\a 3 bfb\ ( 2 ssSg — S2S 8 ) 03 

+ -^a\a 3 bfb 2 ( 2 b\b 2 b 3 s\ — s 3 s 8 ) af + afbfb 3 {—s 3 s 8 ) af — -afb 3 (636263 (s 3 s 8 + s 2 s 8 ) — 3 sgs|) af 

3 

- 036162 (6i6 2 6 3 (s 3 s 5 - 2s 2 sg) + s 8 (2s 8 + s 3 s 8 )) 03 + 2 a 2 a 3 bfbfs 2 s 3 a 1 + ^T^SgSgOi 

- ^a 2 2 a 3 bfbf (s 3 s 5 + s 2 s 6 ) a x + a\a 3 bfb 2 (s 2 s 8 - s 5 s 6 ) ai + *026363 (s 5 s 6 + s 2 s 8 ) ai 

- a 2 bfb%s 3 ( 2 sg + s 3 s 8 ) ai + ^ a 2 a 3 bf (s 5 s 8 ) ai + ^036362 (sg + 5 s 3 s 8 s 6 - bib 2 b 3 s 2 s 3 ) ai 
+ y a 2 fc ? (2616263 (s 3 s 5 - s 2 s 6 ) - s 8 (sg + 2 s 3 s 8 )) ai - ]^a 2 alb\b 2 si - a\a 3 bfb\s 2 s 3 


2 °' 


2^i^3 s 3 s 5 + ^a 2 bfb 2 sfsQ + -afa 3 bfb 2 ( s 3 s 3 + s 2 s 8 ) — -afa 3 bfs 2 s 8 — -afbfb 2 s 3 (sg + 2 s 3 s 8 ) 


\albfs 3 (616263S2 + SgS 8 ) , 


(A. 3 ) 
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and, using the symmetry (02,62) ^ (03,63) of £, 

= 0163 - a 3 6i, 

= b\b 2 3 s 2 3 -bib 3 (a 3 6i+ai6 3 ) s 3 S6 + ^(a 3 6?+a?6|) (sg + 8s 3 s 8 ) + ^01036163 ( 5 sg+ 4 s 3 s 8 ) 

1 2 

+ g (0361 — <2163) ((2026363 — a 3 6i6 2 ~ o-ib 2 b 3 ) s 2 + ( 2 aia 3 &2 — 040263 — a 2 a 3 bi) S5) 

- a 3 a 3 (a 3 &i + 0363) s 6 s 8 + a 3 a 3 Sg , 

VQ = ~ b i b 3 s 3 + \ ( a 3 b i - 0163) 4 (a 2 bi - 0162) ( a 3 b 2 - a 2 b 3 ) s 3 - ^6 3 6 2 s 3 S5a 4 - ya 2 6 3 s 2 s 8 ai 
+ ^<236362 (S5S6 + S 2 Sq) a\ + -a 2 a 3 b^S 3 S 3 af — a 3 fr 3 62 S 5 s 8 a l + 2 a 2 &1& 3 ( S 3 S 5 + ^2^6) a l 

+ 02036363 (s 2 s 8 - s 5 s 6 ) af + ^6 3 s 3 {bib 2 b 3 s 2 + s 6 s 8 ) a 3 - ^a 3 a 2 M 3 s 5 s 8 ai 

+ a 3 (-sf + 26 i 6 2 6 3 s 5 s 8 ) af - -a 2 b 3 (b 1 b 2 b 3 (s 5 s 6 + s 2 s 8 ) - 3 s 6 s|) af 

+ y a 3^ 3 (2 b\b 2 b 3 (S3S5 — S2Sg) — s 8 (sg + 2s 3 s 8 )) af — a2&i6 3 S2S 3 a 3 — -a 2 a 3 bib\ (s 3 Ss + S2S6) af 

- y 6 i 6 |s 3 (sg + 2 s 3 s 8 ) a\ + ^a 2 6 i 6 3 (sg + 5s 3 s 8 s 6 - 6 i 6 2 6 3 s 2 S 3 ) a? + a 3 a 2 6 ? 6 | (2s 5 s 6 - s 2 ss) a? 

+ -03036^63 (261&263S1 — s 3 s 3 ) a 2 + a 3 6j6 2 ( — Ss s s) a i — (616263 ( S 5 S 6 + s 2Ss) — 3 sgs|) a 2 

3 

— 036363 (636263 ( s 3 s 3 — 2s2Se) + s$ (2s 8 + s 3 s 8 )) a 2 + 2 a 2 a 3 b\b\s 2 s 3 a\ + -b 2 b 3 s 3 seai 

- \a\a 2 b\b\ (s 3 s 5 + s 2 S6) «i + a\a 2 b\b 3 (s 2 s 8 - s 5 s 6 ) a 3 + ^a\b\b 2 (s 5 s 6 + s 2 s 8 ) a 3 

— a 3 6j&2 s 3 ( 2 sg + s 3 s 8 ) 01 + -030263 (sgs 8 ) o 3 + -a 3 6j6 3 (s| + 5 s 3 s 8 sg — bib 2 b 3 s 2 s 3 ) ai 
+ y a 3^i (2636263 (S3S5 — S2Sg) — s 8 (sg + 2 s 3 s 8 )) 01 — -03026^6281 — a 3 a 2 bfb 2 s 2 s 3 

— 7j a 3 b t b 3S 3 S5 + ^a 3 bfb^slse + -03026^63 (s 3 s 5 + s 2 s 3 ) — -a 3 036fs2S 8 — - alb'lb 3 s 3 (sg + 2s 3 s 8 ) 


+ y a 3 & l s 3 (616263S2 + SgS 8 ) . 


(A. 4 ) 


B Weierstrass models with I2 and I3 singularities 

In this appendix, we summarize and study the general Weierstrass models of Calabi-Yau 
elliptic hbrations with I 2 and / 3 singularities (mostly the split case) at codimension one 
in the base B n . These are the simplest singularities used to engineer F-theory models 
with gauge algebras su(2) and su(3). Here, we consider two models with rank two gauge 
algebra, namely su(2)©su(2) and su(3), and one model with an su(2)©su(2)©su(3) gauge 
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algebra. The corresponding Weierstrass models serve as reference points for comparison 
with the Weierstrass models obtained in the main text by unHiggsing the Calabi-Yau 
manifolds X n+ \ with rank two Mordell-Wcil group. 

As we are interested in the most generic Weierstrass forms, i.e. those with the most 
complex structure moduli, we only consider I n singularities. Other realizations of rank 
two gauge algebras, such as Kodaira fibers of type III and IV, can be obtained form 
these models via additional tunings as analyzed in Tate’s algorithm, so that e.g. f and g 
vanish to higher order. 


B.l The SU(2)xSU(2) Weierstrass model 

An F-theory model with two su(2) gauge algebras on two distinct divisors a = 0, r = 0 
in B n , which we simply denote a and r by abuse of notation, is specified by a Weierstrass 
model with two J 2 singularities. It can be constructed using Tate’s algorithm yielding 

y 2 = x 3 + ( — la 2 + ®4 crr^xz 4 + — |a 2 a4crr + d e a 2 r 2 )z 6 , (B.l) 

where the coefficients a; are sections of the line bundles 


a 2 G 0(—2Kb) , a 4 G 0{-4K B - [a] - [r]), a 6 G 0(-6K B — 2[a] — 2[r]) (B.2) 


on B n by the requirement that / G 0(—4Kb) and g G 0(—6Kb)- These coefficients are 
expressed by the leading Tate coefficients a\ k \ i — 1,2,3,4, 6PJ in a Tate form as 


«2 = i( 4c 4 0) + (a! 0) ) 2 ) , a 4 


= a{ 1} + kS 0) 4 1} 


a 6 — 4 2) + |( a 3 1) ) 2 • (B-3) 


Any model with two / 2 singularities on smooth divisors can be shown to assume this 
form [142] , 

We are interested in models where both SU(2)’s carry adjoints. In 6D, the number 
of adjoints is computed by the topological genus g\ , g 2 of the curves a , r which agrees 
with the arithmetic genus for smooth curves. The latter is computed as 


9i = l + i[V] ■([?,] +Kb), 1 = 1,2, (B.4) 

with E — a, r. Thus, demanding gi> 1 implies 

[a] = -K b + Y, [r] = —K B + Z , (B.5) 


for effective classes Y, Z. 
on both Y and Z, 


Thus, effectiveness of the sections in (B.2) implies upper bounds 


Y + Z < -K b , 


(B.6) 


for the model to be generic. 

17 We expand the Tate coefficients as dj = (oT) fc a,^ where k is according to Tate’s algorithm k = 
0, 0,1,1, 2 for an / 2 singularity. 
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For a concrete base B 2 = P 2 for which 0(—K B ) = O pa(3) this condition yields the 
following list of allowed values for the degree of the divisors a and r, together with the 
corresponding degrees of the d t : 



The generic matter spectrum of the theory can be extracted directly from its Weier- 
strass model (B.l). By analyzing the orders of vanishing of /, g and the discriminant 


A = 4 / 3 + 27 g 2 = (r 2 T 2 (Aa\a§ — a^a 2 + or(Aa\ — 18a 2 a 4 a 6 ) + 27ag<7 2 T 2 ) , (B. 8 ) 


we find the following singular fibers and corresponding local (non-adjoint) matter repre¬ 
sentations: _ 


Representation 

Multiplicity 

Fiber 

(2.1) 

-2[cx] • (4 [K b \ + [ 0 ] + [r]) 

h 

(1.2) 

-2[t] • (4:[K b \ + [cr] + [t]) 

h 

(2.2) 

M • M 

h 


We note that there are additional singular fibers of Kodaira type III at the codimension 
two loci a 2 = 0 and o = 0 or r = 0 , respectively. As the number of fiber components 
does not increase at these loci, there is no matter supported at these loci. 


We readily check using the data in (B.4), (B.9) and the anomaly coefficients [cr], [r] 
for the two SU(2) groups that all 6 D anomalies are canceled. 


B.2 The / 3 Weierstrass model 

The canonical ansatz for an F-theory model with su(3) gauge algebra is a Weierstrass 
model with an / 3 -singularity at codimension one. It is well-know that one has to dis¬ 
tinguish between the split, 7|, and non-split, I£ s , case. Given the Weierstrass form of 
an elliptic fibration with / 3 -singularity at t — 0 in the base B n , the split condition is 
expressed as the condition that the following monodromy cover is reducible, i.e. has two 
distinct rational roots [60]: 

=0. (B.10) 

t =0 
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This is the case, if and only if §| is a perfect square. As shown in Section 


t =o 


sufficient if this condition holds locally around t — 0 requiring, however, a novel s 
of the Weierstrass model. 


5.7 


it is 


ructure 


The Weierstrass form in the non-split case is discussed in [65]. In this case the gauge 
algebra is generically sp(l) = su(2) due to the monodromy action on the fiber around 
the branch points of the monodromy cover (5.37). Thus, we disregard the non-split case 
in the following. 

In the split case the gauge algebra is su(3) and the Weierstrass model assumes, if 
fj|i=o is globally a square, the standard form that follows from Tate’s algorithm [65]: 

y 2 = x 3 + (— ^a 4 + |ai a 3 t + a 4 t 2 )xz 4 + (gA a\ - ^a 3 a^ + A ( 3 a 2 - a^a 4 ) t 2 + a 6 t 3 )z 6 . 

(R11) 

This is the form that is appropriate when t is a smooth divisor, which supports adjoint 
but not symmetric representations of SU(3). Denoting the divisor t = 0 supporting the 
su(3) by t by abuse of notation, we find that the coefficients a, have to be sections of the 
following line bundles on B n : 

ai eO(-K B ), a 3 eO(-3K B -[t]), a 4 € 0{—AK B — 2[t]) , a 6 e 0(-6K B -3[t]). 

(B12) 

In terms of the leading Tate coefficients af } in a Tate mode|]b they can be expressed as 


(0) 

Oi = ai 


= _ 1 /o n (!) n(°)n (1ft n - 

^3 3(^3 ^1 ^2 / 5 ^4 ^4 3(^2 ) ? 


_ J2) 1/ (1)n2 


z _ n (3)_l n (!) n (2) , 

^6 ^6 3^2 ^4 ' 27 V ^2 / * 

' (B.13) 


In 6D, the genus of the curve t counts the number of matter fields in the adjoint 
representation of the su(3). As before, we have at least one adjoint if 


[«] = — K B + z, 


(B.14) 


for an effective divisor Z. 
bound on Z of the form 


Effectiveness of all coefficients in (B.12) imposes an upper 


Z < ~K b , 


(B-15) 


so that the model (B.ll) is generic. 

For the concrete base B = P 2 this condition is solved for the following choices of the 
degree of [t], implying corresponding classes for the coefficients a t : 


[t] 

a 1 

03 

a 4 

CLq 

6 

3 

3 

0 

0 

5 

3 

4 

2 

3 

4 

3 

5 

4 

6 

3 

3 

6 

6 

9 


18 Again we expand the Tate coefficients as a,; = (t) k a[ k) where k is according to Tate’s 
k = 0,1,1, 2, 3 for an J|-singularity. 


(B.16) 


algorithm 
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As before, we can extract the generic matter spectrum of the theory directly from 
its Weierstrass model (B.ll). By analyzing the orders of vanishing of /, g and the 
discriminant 


A = 4 / 3 + 27 g 2 = / 3 (^a 3 (a 3 a 6 — a 3 — 0 ^ 0304 ) + 0(t )), (B.17) 

we find the following singular fibers and corresponding local matter representations: 


Representation 

Multiplicity 

Fiber 

3 

—3 [t] ■ (3 K b + [/]) 

h 


(B.1S) 


There are additional singular fibers of Kodaira type IV at the codimension two loci 
t = a i = 0 . As the number of fiber components does not increase, there is no matter 
supported at these loci. 


We readily check using the data in (B.18) and the anomaly coefficient [£] that all 6 D 
anomalies are canceled. 


B.3 The SU(2) xSU(2) xSU(3) Weierstrass model 


Finally, we combine the previous two subsections to construct the Weierstrass model of 
an elliptic fibration with two I 2 and one singularity. The Weierstrass form we obtain 


agrees precisely with (5.25) of the unHiggsed specialized model X n+1 . 


All we have to do is to combine the forms (B.l) and (B.ll), where the appropriate way 


to specialize coefficients is determined by Tate’s algorithm. For example, we can start 


with the Weierstrass form (B.l) in the parametrization (B.3) for two I 2 singularities and 


impose the orders of vanishing (0,1,1, 2, 3) of the Tate coefficients cp on the SU(3) divisor 
t — 0 for an singularity [158]. We expand the Tate coefficients as cp = a[ k,l h k (ar) 1 . 
Suppressing the superscripts on the af"’^ to unclutter our notation we thus obtain the 
Weierstrass form appropriate for smooth a, r, t 

y 2 = x 3 + ( - jg(4a 2 f + a^) 2 + (a 4 f + laia 3 )art)xz 4 (B.19) 

+ (^(Aa 2 t + cr() 3 - ^(4 a 2 t + a?)(a 4 t + §aia 3 )ort + (a 6 i + \a\)a 2 r 2 t 2 )z 6 , 

where the leading Tate coefficients cp are sections of the line bundles 


a 4 G 0(—K b ), a 2 G 0(—2K b — [t]), a 3 G 0(—3K B — [a] — [r] — [t ]), 
a 4 G 0(-AK b - [a] - [r] - 2 [t ]), a 6 G 0{-6K B - 2[a\ - 2[r] - 3 [t]). (B.20) 


Since we have analyzed the case of SU(2)xSU(2) or SU(3) gauge groups already in 
the previous two subsections, we focus here only on the cases where [£] is a non-trivial 
class and not both [cr] and [r] are trivial simultaneously. (We thus include not only 
models with gauge group 577(2) x 577(2) x 57/(3), but also with 57/(2) x 57/(3)). For 
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the concrete base B 2 = P 2 for which O(-Kb) = O pz(3) the effectiveness conditions 


implied by (B.20) yield the following list of allowed values for the degrees of the divisors 

M. M and [(]: 


[cr] 

1 

1 

2 

2 

3 

3 

3 

4 

4 

4 

5 

5 

6 

6 

7 

M 

0 

1 

< 1 

2 

0 

1 

< 3 

0 

< 2 

3 

< 1 

2 

0 

1 

0 

[t] 

< 5 

< 4 

< 4 

< 3 

< 4 

< 3 

< 2 

< 3 

< 2 

1 

< 2 

1 

< 2 

1 

1 


(B.21) 

Here we indicate by < k that all integers less or equal to k are allowed. In addition, we 
obtain valid models by exchanging the degrees of [a] and [r]. 

The generic local matter spectrum of the theory can be extracted directly from its 


Weierstrass model (5.22). By analyzing the orders of vanishing of /, g and the discrimi¬ 


nant, we find the following singular fibers and corresponding matter representations: 


Representation 

Multiplicity 

( 2 . 2 , 1 ) 

[cr] • [r] 

( 2 , 1 , 3 ) 

[cr 

■M 

( 1 , 2 , 3 ) 

M • [t] 

( 2 . 1 , 1 ) 

[a] ■ (-8 K b - 2[a] - 2 

A -3[t]) 

( 1 , 2 . 1 ) 

[r] • (-8 K b - 2 

a] -2 

r] - 3 [t]) 

( 1 , 1 , 3 ) 

[t] ■ (—9 Kb — 2 

a] - 2 [ 

r] -3 [t]) 


We note that there are additional singular fibers of Kodaira type III and IV at the 
codimension two loci a = (a'f + 4a 2 t) = 0 or r = (a 2 + 4a 2 f) = 0 and cq = t = 0 , 
respectively, that do not is support additional matter. 


We readily check using the data in (B.4), (B.22) and the anomaly coefficients that all 
6 D anomalies are canceled. 


C Map of X n+ i to the quartic in B1 iP 2 (1, 1,2) 

In this appendix, we argue that the unHiggsing of the F-theory model defined by X n+i 
can be interpreted as an unHiggsing of the two U(l)’s to two SU(2)’s on reducible divisors 
X = AC and Y = BC. To this end, we use the natural presentation of [4j for a model 
with one U(l) as quartic in BliP 2 (l, 1,2), which will be non-generic with an additional 
non-toric rational section in the case of X n+i . Most notably, due to this non-generic 
form the singularity on the common component C enhances just to J 3 , corresponding 
to an SU(3) gauge group. This is in contrast to the expected enhancement of two J 2 
singularities to an I 4 . 

It was argued in |4] that every model with at least one rational section can be brought 
into the form of the quartic in B^P^l, 1, 2). In particular, this implies that there exists 
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a birational map of the model (3.4) to the quartic. In the following, as an illustration we 
construct this birational map for the specialized model (3.8). 

We recall from |4| that the quartic elliptic curve in BliP 2 (l, 1,2) with homogeneous 
coordinates [U : V : W] (we set the coordinate of the exceptional divisor to one) reads 

W(W + bV 2 ) = U(e 0 U 3 + ei U 2 V + e 2 UV 2 + e 3 V 3 ). (C.l) 

It has a rational point Q at [U : V : W\ — [0 : 1 : —b] and its zero point is at [0:1:0]. 


There are two possible presentations of the specialized model as the quartic (C.l), 
corresponding to the two possible choices which rational point in (3.8) is mapped to the 
rational point Q in BliP 2 (l, 1, 2). Here, we choose to map Q in (3.8) to Q, noting that 
the quartic for the choice of R H > Q is obtained by exchanging (a 2 , 6 2 ) -H- (a 3 , 6 3 ). 

One way to find the quartic is to construct sections in the bundles 0(k(P + Q)) for 
k = 1,2, 3,4. (This requires moving the point R out of the plane u — 0, which can be 
achieved by a variable transformation on (3.8).) Here, we construct the map indirectly by 
matching Weierstrass models. The Weierstrass model for the specialized model is given 
in Appendix |A| for oq = 1, b\ — 0. It has to agree with the Weierstrass form (2.3) upon 
appropriate identifications of the coefficients b and e*, i = 0,1,2,3, with the coefficients 
in (3.8). Clearly, the system of equations resulting from this is under-determined. We 
have to specify in addition that the rational point Q maps to the rational point Q in 
(C.l). We recall that the Weierstrasss coordinates of Q read [4] 


[x : y : z] = [e 2 3 - | b 2 e 2 : -e^ + b 2 e 2 e 3 - \b A e i : b] . 


(C.2) 


Comparing to the Weierstrass coordinates (A.3) for Q with cq = 1 and b\ = 0 and 
demanding equality of the Weierstrass models, we obtain 


b 

e o 

ei 

e 2 

e 3 


= b 2 


— 4s!Ss) — 2 a 3 b 3 (s 2 s 3 — 2 siSg) + 03(55 — 4sis§)), 
lb 3 ( 2 s 3 s 5 - s 2 s 6 + 2 a 2 b 3 s 1 ) + a 3 (s 2 s s - M 3 S 1 - ^ss^e), 
4 (5g — 4s 3 s 8 + 2b 2 (a 3 s 5 + b 3 s 2 ) — Aa 2 b 3 s 3 ), 

02^8 — ^ 2^6 • 


(C.3) 


The coordinates of the rational point R in the quartic (C.l) are given by 


[U : \ : W] — [ 63(0263 — 0362 ) : a 2 Ss — a 3 b 3 SQ + b^s 3 : —^ 63(63 (a\b 3 s 2 — a 2 s 3 s$ + 26 2 s 2 ) 

+ O363 (6 2 (s 2 6 + 2s3S 8 + 2 a 2 b 3 s 3 ) — 3 a 2 SQSs + b 3 b\s 2 ) —0363 (alb 3 s 3 + Sb 2 s 3 se 
— a 2 (sg + 2 s 3 ss — 2 b 2 b 3 s 2 )) — 03 (6362S5 + b 2 SQS 3 — 2 a 2 sl))]. (C. 4 ) 


We note that it is a non-toric rational point. 

The coefficient e 3 is the locus of SU(2) enhancement if the section U(l) corresponding 
to the section §q is unHigssed. This unHiggsing is triggered by b 2 —> 0 in which case 
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we obtain e 3 = a 2 s 8 according to (C.3). Tims after unHiggsing we obtain two SU(2)’s 
on the two components a 2 = 0 and s 8 = 0. In contrast, if we set 63 —>■ 0 we unHiggs 
the U(l) associated to the non-toric section sr as its coordinates in (C.4) then coincide 
with those of the zero point [0:1:0]. Furthermore, we observe from (C.3) that eo ~ a§, 
ei ~ a 3 , inducing an J 2 singularity at a 3 = 0. I 11 addition, we obtain an J 2 at s 8 = 0 as 
can be seen from the discriminant. Thus we can interpret the tuning b 3 —» 0 again as an 
unHiggsing to an SU(2) on a reducible divisor e 3 = a 3 s 8 . In fact, e 3 is the coefficient in 
the second (C.l) we obtain by mapping f? 1 —>■ Q. 


We emphasize that in the simultaneous tuning & 2 , b 3 —» 0 the J 2 singularity on s 8 only 
enhances to an J 3 . Thus, we conhrm the picture of an SU(2) on two divisor X = AC, 
Y = BC with A = a- 2 , B = a 3 and C = s 8 in the unHiggsed theory, as claimed. 
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